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1 INTRODUCTION

Modern analyses of consumer behaviour are generally based on the
hypothesis of intertemporal decision making. The 1ife cycle model
assumes that consumption and saving decisions are determined via a
planning procedure where consumers maximize the expected utility of
future consumption subject to an intertemporal wealth constraint.
The important role of saving in the optimal intertemporal allocation
process was already considered by Fisher {1930) and in a rigorous
mathematical model by Ramsey (1928). However, the present dominant
status of the life cycle model in consumer theory results mainly
from the studies of Modigliani and Brumberg (1955), Ando and
Modigliani (1963), Yaari (1964), Cass and Yaari (1967), Tobin (1967),
and Arrow and Kurz (1969).

Life cycle theory has turned out to be a fruitful basis for economic
analysis because it can easily be modified to explain durable
consumption, dynamic portfolio choice, and labour supply decisions.
The Tife cycle model also.gives a framework for a microeconomic
analysis of the demand for housing.

Chapter 2 of this study deals with a fairly conventional 1ife cycle
model where housing stock represents a durable good. An implication
of this model is that the expected appreciation of housing prices
may have a positive or a negative effect on housing investments. The
possibility of a negative capital gain effect has been overlooked
in those studies which have somewhat unfoundedly been based only on
the positive effect, and which have assumed that the conventional
asset market approach is applicable to the housing market as well
(e.g. Sheffrin (1983 p. 170) and Poterba (1984)}. In Chapter 2 we
also analyze the effects of moving and transaction costs on housing
investments and saving. Moreover, we discuss the effects of
progressive income taxation on home-ownership and tenure choice.



Housing investment behaviour under uncertainty is a rather unexplored
subject in economics. The fact that a considerable proportion of
households' wealth is generally invested in houses and other durable
goods has not aroused the interest of portfolio theorists in
modifying the conventional portfolio theory. Since the pioneering
studies of Merton (1969, 1971, 1973) dynamic portfolio theory has
generally been confined to deriving rules for optimal portfolio
choice between financial assets which yield utility only indirectly,
unlike consumer durables. l

In Chapter 3 we analyze portfolio models where housing stock is both
an asset and a durable good, so that the portfolio distribution
depends on housing preferences in addition to the return and risk
factors which play the central role in the conventional portfolio
theory. The aim of this analysis lies in finding out whether the
jmplications of the standard portfolio model are affected in any way
as a result of such a change in consumers’ investment opportunities.

The first model in Chapter 3 describes the effects of asset price
uncertainty and necessity of housing on the portfolio share of
housing property. In the second model the housing prices and
consumer prices and consumers' income are stochastic. This model
shows that a positive correlation between housing prices and
consumer prices generally has a negative impact on the demand for
housing services, which diminishes the efficiency of the housing
stock to serve as a hedge against inflation risk as compared to the
standard portfolio model. The inflation risk also influences the
equilibrium rental price of housing services so that the housing
property does not necessarily earn a risk premium unlike in the
mode? of Ioannides and McDonald (1982), where the consumer price
level was assumed to be constant.

Chapter 4 deals with the effects of borrowing constraints on the
housing investment process and households' portfolio distribution.
Housing investments may be very sensitive to such imperfections in
the capital market because they generally require a considerable
amount of external financing.



There seem to be relatively few studies of the effects of capital
market imperfections on housing investments. Artle and Varaiya (1978)
incorporated a borrowing constraint in a life cycle model where a
consumer plans an optimal saving path so as to accumulate a
down-payment of an exogenous housing investment target. An
analytically similar model has also been presented by Jackman and
Sutton (1982). The exogeneity of the housing investment is a
questionable assumption but it may perhaps be interpreted as a
(1981) studied a 1ife cycle model where the housing investment is
optimized endogenously subject to a down-payment constraint and the
non-negativity of savings. Theée constraints were, however, assumed
to be binding only at the beginning of the planning horizon.

Chapter 4 presents a model which combines some aspects of the
aforementioned models. It aims at taking account of the indivisible
nature of housing stock while at the same time allowing for its
endogeneity. In contrast to Ranney's model this study deals with
the effects of an expected future liquidity constraint on the
_optimal saving for a house-purchase. It also emphasizes the role of
borrowing constraints in connection with the indivisible nature of
houses in explaining that home-ownership tends to concentrate among
wealthy households.

The fourth main theme in this study, and the subject of Chapter 5,
is the aggregate behaviour of the housing market. This means an
analysis of the short and long run responses of housing prices, new
housing production, and housing stock to demand and supply shocks.
New housing production is modelled on the basis of profit
maximization by the residential constructor firms. The demand for
housing is based on households' utility maximization. This is
important because for a certain class of preferences the expected
appreciation of housing prices may have a negative effect on the
demand for housing stock. Therefore the standard asset market
approach is applicable to the housing market only under certain
preconditions.
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The purpose of this study is to analyze housing investments and
housing market behaviour mainly from the point of view of
owner-occupiers' portfolio decisions. This may be the most apparent
difference as compared with earlier Finnish studies such as
Loikkanen (1982), which was a search theoretic analysis of demand
for rental housing and mobility decisions. The portfolio theoretic
approach of this study is also a distinctive feature as compared
with the deterministic and more empirically-oriented studies of
Kosonen (1984) and Salo (1984).




2  DEMAND FOR HOUSING IN THE LIFE CYCLE MODEL
OF CONSUMER BEHAVIOUR

2.1 Introduction

The first issue of this study concerns the determination of
consumption and the demand for housing in the continuous-time 1ife
cycle model under perfect foresight conditions. In this microeconomic
framework we shall study the effects of changes in permanent income,
wealth, prices, and interest rate on the demand for non-durable
consumer goods and houses.

Moreover, we shall discuss some of the special characteristics
-which distingquish housing property from other consumer durables.
Thus, we shall be analyzing the effects of transaction and moving
costs induced by a change of residence. This chapter consists also
of a brief analysis of consumers' tenure choice in circumstances
where income taxation is progressive and interest costs of housing
loans are tax-deductible.

Life cycle theory implies that saving or borrowing serves as a
medium to transfer wealth in time in a way which enables the
consumer to allocate consumption optimally over the planning
horizon. Under conditions of perfect competition the consumer is a
price-taker in the goods market and in the capital market. If
perfect foresight is assumed, there is only one financial asset in
the capital market or the returns on alternative financial assets
must be equal in the market equilibrium.

The financial asset serves as a saving device and as a debt
instrument which enables the consumer to even out the effects of
changes in income flow on consumption. If the consumer has human
wealth in terms of discounted expected permanent future earnings,
he can freely choose a position with positive financial wealth or a
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negative amount of financial wealth by borrowing up to the full
value of his human wealth.

The following model is a generalization of the normal 1ife cycle
model of non-durable consumption in the sense that the stock of a
durable good, the housing stock H(t), is included in consumer's
utility function and in his budget and wealth constraints. The
material wealth, W(t), at time t is assumed to consist of net
financial assets, A(t), and the value of the housing stock,
Q(t)H(t), so that

It

(2.1) Wit) = A(t) + Q(tIH(t)

The model takes the non-durable consumption as the numéraire good
so that Q(t)=P (t)/P(t) denotes the relative price of houses where
P (t) is the abso1ute price level and P(t) denotes the consumer
pr1ce level. Correspondingly W(t) w(t)/P(t) and A(t) A(t)/P(t)
represent the real value of nominal material wealth, w(t),
respectively that of nominal financial assets, K(t), in terms of
consumer goods.

The accumulation of material wealth, W(t), and non-durable
consumption, C(t), are financed by permanent real wage income
Y=?(t)/P(t), by real interest income, and by the eventual capital
gains resulting from changes in the relative price of houses. The
change in wealth as expressed in continuous-time by the time
derivative W(t)=dW(t)/dt is defined in the following equations (for
the derivation see Appendix la).

(2.2a) W=A+Qi+QH=rA+(g-8)QH-C+Y

W -RH-C+Y

1]

(2.2b)

Equation (2.2b) is obtained by substituting A=W-QH for financial
assets in (2.2a). The real rate of interest on financial assets, r,
is in perfect foresight conditions defined as the difference between
the nominal interest rate, i, and the rate of inf]ation, p=§/P, SO
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that r=i-p. The relative user cost of housing stock is denoted by
R(t)=(r-q+8)Q(t)=(1-ph+6)Q(t) where q=6/Q=ph-p and ph=l3h/Ph and s
denotes the deterioration rate of the housing stock. Thus, the user
cost per unit of the housing stock increases due to nominal interest
loss, i, and deterioration, §, and decreases by the appreciation
rate gf the housing stock, Ppe Variables Y, i, p, P and § are
assumed to be exogenous constants for the consumer.

The relative user cost, R{t), is allowed to change in time because
the model is purely microeconomic and in this sense comparable to
other neoclassical models of durable consumption which study an
individual consumer's reactions to changes in relative prites {c.f.
Diewert (1974) or Deaton and Muellbauer (1980)). On the other hand,
in a steady state equilibrium the relative price of houses is by ’
definition constant, as will be the case in the housing market

model of Chapter 5 in this study.

According to the usual custom in 1ife cycle theory it is assumed
that the consumer has a strictly concave utility function, which in
this case is defined for non-durable consumption and housing stock
U({C(t),H(t)). Thus it is assumed that the service flow produced by
the housing stock is proportional to the stock. It seems natural to
impose additional conditions for the marginal utilities so that
feasible non-durable consumption and housing stock are bounded
strictly positive-(c.f. Hu (1980)).1 The instantaneous utility
function is assumed to be discounted by an exponential function
et where the rate of time preference, p, is a positive constant.
Alternatively, the rate of time preference could be assumed to be a
function of the instantaneous level of utility, as Uzawa (1968) ha.
postulated, but that complication will not be introduced here.

The model could easily be extended to explain Tabour supply
behaviour by including Teisure time in the utility function so that
wage income would be determined endogenously (c.f. Blinder {1974)

114 = . - . i . -
Tim UC , 1im UC 0, lim U , 1im UH 0.

€0 Core Hs0 D

H+co
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or Ghez and Becker (1975))}. However, this would not essentially
change the implications of the model. Therefore it is assumed that
variable Y represents exogenous constant non-capital income.

2.2 A finite horizon model

In the case of a finite and fixed planning horizon the continuous
time 1ife cycle model under certainty can be formulated as a problem
in which the consumer maximizes utility subject to an intertemporal
wealth constraint of the planning horizon. The length of the
planning horizon, T, may be interpreted as the remaining lifetime

of the consumer. Thus the consumer's objective is to

.
(2.32)  Max [ e Ptu(c,H)dt
C,H o

subject to
! -rt - T -rt -rT
{2.3b) g e “(C+RH)dt = w0+é e  “Ydt-e WT

Intertemporal wealth constraint (2.3b) is a definite solution to
the flow budget constraint (2.2b) so that Wy denotes the
predetermined initial wealth at time t=0 and wT represents an
exogenous bequest at time t=T. Alternatively, the model could be
closed by specifying a boundary utility function for the bequest in
which case the final wealth, W(T), would be determined endogenously

via a transversality condition.

Some of the earlier models of the demand for consumer durables were
based on static demand functions of the desired stocks of durables.
The static demand functions were then completed by the hypotheses
of partial adjustment to give an explanation for the empirical
observation that the stocks of durables seem to react only
gradually for example to changes in income and relative prices.
Such models were constructed for instance by Stone and Rowe (1957)
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and by Muth (1960). The partial adjustment hypothesis has also been
applied in several econometric studies of durable consumption and
housing investments.

This model differs essentially from that kind of a behavioral mode
by allowing for a discrete jump in the housing stock whenever any
change in the exogenous variables takes place. This is, of course,
based on the assumption of perfect markets, which means that the
marginal costs of housing investments as well as the marginal costs
of financing these investments are exogenous for any individual
consumer. '

On the other hand, it may be the case that for the aggregate
household sector the stock supply of some durable goods, such as
houses, is momentarily completely inelastic with respect to the
market price. Thus, if the housing market clears at the aggregate
level, the price level of housing stock jumps discretely as a .
reaction to unexpected exogenous demand or supply shocks. The
resulting change in new housing production then gradually adjusts
the stock supply towards a new steady state level in a way which
resembles the microtheoretic partial adjustment behaviour. Chapter
5 of this study deals with this macrotheoretic explanation as an
alternative for the microtheoretic partial adjustment hypothesis.
In this microeconomic model! the initial wealth is predetermined,
w(0)=w0, but the portfolio distribution between housing stock and
financial assets can be changed immediately after an unexpected
change in any exogenous variable because the marginal investment
and financing costs are exogenous for the consumer. This allows
interpreting of both the non-durable consumption, C(t), and the
housing stock, H(t), as the control variables and net wealth, W(t),
as the state variable of the optimal control problem. Thus the
Hamiltonian, F, with costate variable A{t) can be defined as follows

-ot

(2.4) F = e PU(C,H) + a{rW-RH-C+Y)

The necessary optimality conditions are (e.g. Kamien and Schwartz
{1981))
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(2.5a) FC = e

(2.5b) F

(2.5¢) Fw = Py = =)

Conditions (2.5a-b} imply that the marginal rate of substitution
between demand for housing services and non-durable consumption
equals the relative user cost of the housing stock

(2.6) UH/UC = R(t) = (r-q+5)Q(t)

Next we specify the utility function in order to find a closed-form
solution for the model. For that purpose we assume the following
utility function which will be employed throughout this study

a~L(Cc-c*) 93 (H-H*) B2 ifa<0,0<ac<l
a,B >0, 0 <y=oatpg <1

(2.7a) U(C,H)

(2.7b) aIn(C-C*) + gIn(H-H*) ifa=0

This utility function is a generalization of the familiar

Stone - Geary function in the sense that it covers both bounded,
a<0, and unbounded, 0<a<l, functional forms. C* and H* may be
interpreted as subsistence levels which consumption and housing
stock must exceed, C>C* and H>H*. The subsistence ]éve1s are
assumed to be non-negative, C*>0 and H*30, to avoid additional
non-negativity constraints for consumption and housing spock.

Utility function (2.7a-b) and the expression for the marginal rate
of substitution (2.6) give a Tinear relationship between the
non-durable consumption and the housing stock. It implies that the
demand for housing is increasingly substituted by non-durable
consumption the higher the relative user cost is. Hence, denoting
the initial value of the relative user cost by R0=(r-q+6)00

(2.8)  C(t) = C*+ag Ry E(H(1)-H)
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This equation, utility function (2.7a-b), and optimality conditions
{2.5a and c) yield the following time path for the housing stock
where H(0) denotes the initial stock and y=(r-p-{1-ca)q)/0, where
9=1-ya>0 (see Appendix 1b)

(2.9) H(t) = (H(0)-H*)eMt + H*

The demand function of the housing stock can be solved by inserting
{2.8) and (2.9) in (2.3b) and integrating which yields
rT

(2.10) H(0) = H* + B -W)

[
—_—— W.
Y(l-e-ST)RO

(w0+wh-e T

where e={p-vart+gaq)/e. wh denotes human wealth as measured by the
T

present value of permanent income, W, = je'rt Ty /e,
0

W* represents "subsistence wealth" which is required to finance the

present value of subsistence expenditure,

Ydt = Y(1-e

T
W = [eTHCRR(N b = C5(1-e™TT) /g (1-e” (M) /(g
0

The consumption function is determined by (2.8) and (2.10)

_ % ae -rT *
(2-11) C(O) =C" + m(wo‘l'wh-e WT-W )

Accordingly, this model implies that the demand for housing and
consumption are increasing functions of material wealth, wo, and
human wealth, wh, but decreasing functions of the bequest, wT. The
relative user cost, RO, has a negative effect on the demand for
housing stock, but it may have a negative impact on consumption as
well. This eventual negative effect comes via w* if the subsistence
housing stock is positive.

In this model the bequest consists of net financial assets and
housing property, WT=A(T)+Q(T)H(T). The housing stock is naturally
positive, although no specific constraints were assumed above for
either component of the bequest. However, besides positivity of
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housing stock, in practice there may be institutional constraints
for financial 1iabilities as well, for example in the sense that in
fact only positive wealth can be bequeathed. Such constraints may
be quite restrictive as compared to the bptima1 borrowing path
implied by the 1ife cycle model, especially in the infinite horizon
case. The only constraint for implicit bequests in the infinite
planning horizon model in perfect foresight and perfect capital
market conditions comes from the feasibility condition, W(t)>-Y/r,
which excludes bankruptcy in terms of total material and human
wealth (c.f. Arrow and Kurz (1969)).

2.3 An infinite horizon model

Even though consumers' lifetimes are finite, they may under certain
conditions be interpreted as having infinite planning horizons. One
condition is that each generation includes in its utility function
along with its own consumption the utility of the next generation
via a bequest motive. Then the utility functions of the consumers
of the present generation are compound functions of all successive
generations' utilities and consumptions, and consumers effectively
have infinite planning horizons. Such a reasoning for an infinite
horizon model has been presented for example by Barro (1974). On
the other hand, Merton (1971) has shown that a consumer who expects
to have an exponentially distributed uncertain Tifetime behaves as
if he had an infinite planning horizon. It is, of course, easy to
criticize the infinite horizon model as being an oversimplistic
description of consumer behaviour (c.f. Tobin (1980)).

However, despite the simplifying and restrictive assumptions, the
infinite horizon life cycle model has some analytical advantages
compared with the finite horizon model which make it worth studying.
The infinite horizon model is sometimes easier to solve and it yields
simpler behavioral equations than does the finite horizon model.
Furthermore, the infinite horizon case presupposes such restrictions
on exogenous variables as yield more clearcut comparative static
implications than the corresponding finite horizon model. Since
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there is no specific reason to confine the analysis to the finite
horizon model this study concentrates mainly on the more easily
tractable infinite horizon case.

As the previous model is rewritten in the infinite horizon case,
the consumer's objective is defined so as to

(2.122)  Max Je~Pta~l(c-c*) P (n-*) BRdt
C,Hop

s.t.

(2.12b)  Je T H(cerH)dt = Wy fe  PYat
0 0

The present value of permanent income, Y, in intertemporal wealth
constraint (2.12b) is well-defined only if r>0. Moreover, for
optimal paths (2.8) and (2.9), convergence of integral (2.12b)
necessitates that p>yar-gaq and also that r>q if H*>0. Provided
that these conditions are fullfilled the sufficiency of the optimal
conditions is guaranteed, because then the maximal utility (2.12a)
converges and it becomes an increasing and strictly concave function
of wealth, as will be seen in the next section.

The optimal demand functions are now readily obtained from (2.10)
and (2.11) by letting T go to infinity. The demand function of
housing stock is

RaH*
- u* g(p-yar+gaq), y-Cc* _ 0
(2.13)  H(0) = W* + 22T (Mg + = = 525
0
The consumption function is
R H*
_ % , alp-yar+tgaq), y-c* _ 0
(2.14)  €{0) = ¢* + 2L (Mg + 7 - =g

The comparative static implications of these demand functions are
presented in Table 2.1 for bounded, a<0, and unbounded O<a<l
utility functions. Positive effect is denoted by (+), negative by
{-), zero by (0), and ambiguous effect by (?).
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Table 2.1 Effects of changes in exogenous variables on the demand
for housing stock and non-durable consumption

Y wo QO q r
H(0) + + - ? ? a<0, H*>0
+ + - + ? 0<a<l, H*=0
c(o + + - ? ? a<0, HX>0
(0) + + 0 + ? 0<a<l, H*=0

The demand for housing stock is an increasing function of permanent
income, Y, and wealth, wO, but a decreasing function of the relative
price level of houses, QO. A more important observation, perhaps,

is that the expected capital gain, q, may have either positive or
negative effect on the demand for the housing stock. The expecfed
continuous appreciation of house prices influences positively the
demand for the housing stock by lowering the user cost R0=(r-q+5)00.
The negative effect may, however, arise via term p-yar+gaq if a<0
or via term -ROH*/(r-q) if H*>0 (see Appendix 1c). Thus modelling
the demand for housing stock should not be based solely on the user
cost effect, as seems to have been done for example in the rational
expectations model of the housing market presented by Sheffrin

(1983 p. 170) and Poterba (1984). A more detailed discussion of

this problem is presented in Chapter 5 of this study.

2.4 The effects of transaction and moving costs on the
demand for housing and saving

One characteristic of housing investments that distinguishes them
from the purchase of consumer goods is the considerablie outlay
necessitated by a change of residence. The following analysis
illustrates the effects of both lump-sum type and proportional
transaction and moving costs on the behaviour of a consumer as
implied by the previous neoclassical model. For this purpose we shall
compare the maximal derived utility with and without the transaction
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and moving costs in order to see under what conditions it pays for
the consumer to change the location of his residence as a reaction
to changes in exogenous variables.

To simplify the exposition, we assume that C*=H*=0. This does not
affect the main implications of the model. By inserting the optimal
paths C(t) and H{t) implied by equations (2.8), (2.9), and (2.13)
into the objective function (2.12a) and integrating we end up with
the derived utility function

(2.15)  J = Max je*ta"lco®Bg = 471

-ga va
xR0 (wO+Y/r)
C,H o

where x = y"Yaeea“asBa(p-yar+saq)'e>0. Thus the maximal utility is
a strictly concave function of wealth. In the following (2.15)
represents the derived utility in the case that the consumer does
not move and therefore does not pay any transaction or moving costs.

Assume then that any change of residence induces a Tump-sum moving
cost, say Z. Whether it is worth paying it becomes an additional
negative argument in wealth constraint (2.12b) and, consequently,
in derived utility function (2.15),

Consider then, for example, the consumer's reaction to an
unanticipated increase in permanent income, AY, which increases the
derived utility. If he would react by changing residence and paying
the moving cost his derived utility function would change to form

1 -ga

(2.16) L) = a xRy~ P UG-z (Y4aY) /) VR

Whether the consumer in fact reacts by moving and increasing his
housing stock depends on whether this action Teads to an increase
in his derived utility so that J(Z)>J. By comparing (2.16) to
(2.15) we can see that this can only happen if the present value of
the increase in permanent income exceeds the moving cost so that
AY/r>Z. On the contrary, the consumer does not make any discrete

change in his demand for housing if aY/r<Z.
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Figure 1.1 illustrates the time paths of the demand for housing,
H(t), and financial saving, A(t). Moreover, there is an income
path, Y(t), which is rising step-wise. However, the increments of
permanent income are unanticipated so that only one step is
observed at a time. Any change of residence induces a moving cost
so that the demand for housing reacts only to sufficiently large
unanticipated increases in income, such as the second one in
Figure 1.1. The same holds true for non-housing consumption, because
it depends positively on the demand for housing as implied by
equation (2.8). Thus, contrary to the implication of the standard
1ife cycle model, small increases in permanent income, AY<rZ, are
all saved by increasing financial assets so that only the saving,
Alt), jumps upwards as described in Figure 1.1. Moreover, in the
finite horizon case the model would imply that such moving costs
tend to prevent moving and increase financial saving especially
among older people because the present value of any additional
income decreases as the planning horizon gets shorter.

Figure 2.1: The reactions of housing stock and saving to
increases in permanent income

|
|
HE | _
|
r____.__._}
|
Y(t)
L
A(t) _
I i J

In general, by comparing the relevant derived utility functions, J
and J(Z), we can study the consumer's reactions to changes in all
other exogenous variables, wo, QO, g, and r. The results are
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qualitatively similar to those derived above in the sense that only
sufficiently large changes in exogenous variables induce changes ‘in
housing stock. Smaller changes in the exogenous variables influence
primarily the saving in financial assets and also consumption in
the event of a change in the relative user cost, RO'

Assume next that buying a new housing unit also induces a
proportional transaction cost, for example a stamp tax, denoted by
z. If this transaction cost is paid, the effect is comparable to an
increase in the housing price level so that the effective unit
price becomes (1+z)QO. This price variable substitutes Q0 in wealth
constraint (2.12b). Thus the derived utility function (2.16)
changes to form

(2.17) 3Z,2) = a Ix((142)R) "B (Ho-Z+(YoaY) /) V2

In this case the derived utility is a decreasing function of both
the proportional transaction cost, z, and the Tump-sum moving cost,
Z. By comparing (2.17) to (2.15) we can see that in this case a
sufficient increase in permanent income for a discrete reaction in
housing stock to take place is AY/r>Z+(w0+Y/r)((l+z)B/Y—l). Thus,
raising the stamp tax, z, tends to inactivate the housing market in
the sense that fewer households are simultaneously participating in
the market and changing residence when permanent income level
rises. The effect varies across consumers because it depends on
their wealth, income, and preferences.

2.5 The effect of progressive income taxation on home-ownership
and tenure choice

We have implicitly assumed that the consumer obtains the services
of the housing stock by owner-occupancy. However, the neoclassical
model described in sections 2.1-2.3 clearly implies that the
consumer is indifferent between owning and renting the housing unit
if its user cost equals its rental rate. In fact, the equilibrium
rental rate of the housing stock, say R, equals the user cost, R,
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under perfect market and perfect foresight conditions, so that
R=R=(i-p +s)Q.

However, in the real world conditions there may be several reasons
for distortions in the perfect indifference property of tenure choice.
Systematic differences in home-ownership and tenure choice between
households at different income and wealth levels may arise from
taxation. Recently this issue has received considerable attention in
the Titerature (e.g. Weiss (1978), King (1980), Englund and Persson
(1982), Feldstein (1982), Titman (1982), Hendershott and Hu (1983),
and Kau and Keenan (1983)). The following case illustrates briefly
the effects of progressive income taxation on home-ownership and

tenure choice. In the following the progressivity is for the
purposes of simplicity defined in terms of a continuously
differentiable tax function, T(?), of the taxable jncome, ?, S0
that the marginal tax rate is positive, T'=dT/d?>0, and, moreover,
the marginal tax rate is an increasing function of taxable income,
T*=d?1/d7%0.

When the effects of the tax system on tenure choice are analyzed it
is useful to separate the ownership and supply of the housing stock
from the demand for housing services. In the following the former

is denoted by H® and the latter by H. Thus the consumer's material
wealth is w=A+QH°. His taxable income consists of wage income, Y,
and of rental return on housing stock, BHO, but it is reduced by the
tax-deductions of housing property, DH®, so that ?=Y+(5fD)H°.

Thus Hamiltonian (2.4) can be rewritten as follows

(2.18)  F=e"Pty(C,H)+aA[rW+(R-R)HO-RH-C+Y-T(Y+(R-D)HO)]

In this case the consumer's wealth increases among other things by
rental return on housing property, BHO, and decreases due to the
cost of owning the housing stock, RH°, as well as due to rental
expense on housing services, RH, and taxes, T(?).

The necessary condition for owning housing property is that it
yields at least as much as the alternative asset, which in this
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model is the financial asset. At the break-even point condition
3F/3H%=0 holds. Applying this condition to (2.18) and solving for
the required rental return, R, gives

(2.19) R = (R-T'D)/(1-T")
where R = (i—ph+5)Q.

In general the ownership of the housing stock tends to concentrate
among those households who break even at the lowest level of rental
return. The required return, R, may depend on income level via the
marginal tax rate, T', because from (2.19) q3/3Y=T“(R-D)/(1-T')2.
This implies that the income Tevel has no effect on R in the case
that all costs are tax-deductible and capital gains are taxed so
that D=R=(i—ph+6)Q. Otherwise, if D#R, the progressive tax system
is non-neutral in the sense that home-ownership and tenure choice
depend on households' income Y.

In practice such a non-neutrality is quite possible because the
capital gains are usually exempted from income taxation at least
after a fixed minimum holding period. If interest costs are
tax-deductible, so that D=iQ, the income effect is negative,
aR/3Y<0, if R-D=(—ph+6)Q<0. This induces systematic differences in
tenure choice between households at different income Tevels.
High-income earners with high marginal tax rates tend to own the
housing stock while low-income earners prefer tenancy because they
benefit less from the tax-deductibility of interest payments.

The existing Finnish tax laws allow home-owners to deduct interest
costs from taxable income only up to a fixed upper Timit. On the
other hand, it has recently been suggested in Finland that interest
costs should be made deductible from taxes instead of from taxable
income. Both the present Timitation of interest deductions and the
suggested reform are meant to restrict the high-income earners'
benefits from interest deductions. They are, however, also
non-neutral in the sense that they leave the required rental price
of housing dependent on owners' marginal tax rate.
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In addition to the progressive income taxation there may also be
other reasons for systematic differences in tenure choice.
Non-Tinear productivity and non-linear costs of capacity
utilization of the housing stock may induce an externality
associated with tenancy that works in favour of ownership, as has
been shown by Henderson and Ioannides (1982).

This study emphasizes the role of imperfections in the capital
market in forcing the less wealthy households towards tenancy. This
case is studied in Chapter 4. One further reason for systematic
dependence of home-ownership on households' wealth is uncertainty
about housing prices. This subject will be treated in the following
chapter.




3 DEMAND FOR HOUSING AND PORTFOLIO CHOICE UNDER UNCERTAINTY
3.1 Introduction

Housing stock is generally one of the most important assets in
household portfolios. Yet the special implications of housing stock
being both an asset and a durable consumption good for the results
of portfolio theory have received relatively Tittle attention in
the Titerature.

One of the main themes in this study is consumers' demand for
housing under uncertainty. The effects of uncertainty can be studied
by combining the previous neoclassical model of demand for housing
with the conventional dynamic portfolio theory. The following
analysis concerns uncertainty about asset prices, inflation, and
income changes. However, including all these random factors in one
model is quite a complicated procedure. Therefore the problem is
divided into two cases.

In the first of these, the effects of asset price uncertainty are
studied in a model which contains a portfolio of risky assets,
housing stock, and consumption as the consumer's decision
variables. Furthermore, the implications of housing as a necessity
for the portfolio distribution are illustrated. In the second case
the effects of random inflation and random price and rent of
housing stock and of uncertain income changes are studied in a
model which assumes identical preferences and rational expectations
for consumers. In this case the housing market equilibrium is
determined simultaneously with the individual portfolio
distributions.
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3.2 The effect of asset price uncertainty on consumption
and demand for housing

The first topic in this chapter concerns the effect of asset price
uncertainty on non-durable consumption and demand for housing. This
will be studied by combining the deterministic neoclassical model
of demand for housing from Chapter 2 with the conventional dynamic
portfolio theory.

Another issue concerns the effect of housing as a necessity on
consumers' portfolio structure. Econometric research into the
demand for housing on the basis of the Tlinear expenditure system
derived from the Stone - Geary utility function has given support
to the hypothesis that housing is a necessity. In other words, the
income elasticity of the demand for housing seems to be between
zero and one. This sort of result has been obtained from time
series data by Deaton (1975) among others, and from cross section
analysis, for instance by Olsen and Barton (1983).

The static linear expenditure system typically defines income or
total expenditure as the scale variable in the commodity demand
functions. In a dynamic model, such as the following is, the natural
counterpart for income is the consumer's wealth. Furthermore in a
dynamic model the demand for housing is two dimensionai. If the
service flow of a housing unit is obtained by ownership, the housing
stock is required for consumption and for investment purposes. Thus,
if housing is a necessity, the portfolio share of the housing stock
is a decreasing function of the consumer's wealth in a similar way as

in the static demand theory, where necessity would imply a decreasing

average propensity to spend on housing (c.f. Green (1976)).

In terms of the Stone-Geary utility function the necessity means
that there is a lower bound or a subsistence level which the
consumer's housing stock must exceed. In other words, there is a
kind of indivisibility which Timits a usable housing stock to being
a large unit as compared with other consumer goods.
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The importance of this hypothesis depends, of course, on the value
of the subsistence housing stock as compared with the consumer's
wealth. This kind of indivisibility may be a particularly relevant
property if there are capital market imperfections which prevent
some consumers from borrowing enough to be able to exceed the
subsistence level. This topic will be treated in Chapter 4. It is
nevertheless useful to investigate the meaning of the hypothesis
first under perfect capital market conditions.

The next model applies the same assumptions about financial assets
as the conventional dynamic portfolio theory. In other words, it is
assumed that consumers can choose between a riskless financial
asset yijelding an instantaneous nominal rate of interest equal to
i, and n risky assets with instantaneous rates of return defined by
stochastic processes.

It has become a common practice in dynamic portfolio models to
specify the uncertainty of the market prices of risky assets by
continuous-time stochastic Ito processes (c.f. Merton (1969, 1971,
1973), Fischer (1975), Breeden {1979), Chow (1979), Richard
(1979)). In this case the instantaneous rate of return on the jth
risky asset is

(3.1) @Pg5/Ps = 958t + o5dzg

st(t) denotes the market price of the jth asset at time t.

gj denotes its expected percentage change and o5 denotes the
standard deviation of the return per unit of time. Increments of
the Wiener process, dzj, are temporally independent and normally
distributed with zero mean and variance equal to dt.

In the following we assume that the expected returns and variances
are constants, so that the price changes follow geometric Brownian
motion and the market price levels are lognormally distributed and
non-negative, According to the multiplication rule for Wiener
processes the instantaneous covariance per unit time of the returns

on two risky assets is o5k = 95%Pjk where Pik is the correlation
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per unit time between processes dzj and dzk {c.f. Kamien and
Schwartz {1981) or Malliaris and Brock (1982}).

The percentage changes in the prices of both non-durable

consumption and housing stock are at this stage assumed to be
deterministic constants, p={dP/dt}/P and ph=(dPh/dt)/Ph respectively.
The relative price is denoted by Q(t)=Ph(t)/P(t)=QOeqt where g=p,-p
as in Chapter 2. Thus the relative price is assumed to change
continuously over time in a similar way as in the previous
deterministic model.

The consumer's wealth, W(t), consists of a riskiess asset, housing
property, and a portfolio of risky assets.

n
(3.2)  W(t) = ACt) + QUEIH(E) + 3 6;(t)S;(t)
3=1 ’

A(t) denotes the value of the riskless asset deflated by consumer
prices P(t). H(t) denotes the gquantity of the housing stock. Sj(t)
is the number of shares of the jth risky asset in the portfolio, and
Gj(t)=st(t)/P(t) is the relative price of the jth risky asset.

The consumer's budget constraint is now changed from the
deterministic case (2.2a-b) so that wealth increases also by the
real capital gains on risky assets.

n dPs' dP
(3.3a) dW = (rA + (g-8)QH - C + Y)dt + 3 (3 - S)6.s.
’_1 P > P J \]
J=1 "sj
n n
.3 = - + 1wl - + W .
(3.3b) (rid - RH J_El (gJ 1)wa C + Y)dt jzchwJWdzJ

The denotation is kept unchanged so that Y represents the real
permanent income, r=i-p is the constant real rate of interest, and
R(t)=(i-ph+6)Q(t) is the relative user cost of the housing stock.
gj—i is the expected excess return on the jth risky asset and
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wj=Gij/w denotes the portfolio proportion 6f the jth risky asset.
Equation (3.3b) is obtained by substituting stochastic process

(3.1) for dPSj/P and A=w—zij for the riskless asset in (3.3a).

sj’
In the present model there are altogether n+2 portfolio components.
n+l of these can be chosen independently under the wealth
constraint (3.2). Denoting the vector of portfolio shares of risky
assets by w, the consumer's objective for an infinite planning
horizon is defined so as to

(3.4) Max Ey fe"Pfu(c,H)dt
1c,H,u1° 0

subject to (3.3b), dR = gRdt and W(0) = Wy
E0 denotes the conditional expectations operator expressing that
the maximal utility is conditional on the predetermined wealth wo.

The derived utility can be defined as a function of real wealth,
W(t), and the relative user cost of housing stock, R(t). It is time
dependent because the relative user cost is by assumption changing
over time.

(3.5) JOU,R,) = Max  Ey jemolrthy(c 1y de
{C,H,w} " t

The consumer's instantaneous utility function of consumption, C,
and housing stock, H, is assumed to be the generalized Stone - Geary
utility function

(3.6a) U(C,H) = a~1(C-C*)O®(H-Hx)Ba a<0, 0<a<l
o, >0, O<y=atp<l
(3.6b) = oIn(C-C*) + gln(H-H*), a=0

where C>C*, C>0 and H>H*, H>0. Positive subsistence levels C*>0 and
H*>0 imply that consumption and housing are necessities, while if
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C*<0 and H*<0 they are luxuries. The signs of these displacement
parameters also indicate the consumer's attitude towards risk.
Relative risk aversion is decreasing if C*+RH*>0, constant if
C*+RH*=0, and increasing if C*+RH*<0. Absolute risk aversion is
always decreasing since a<l.l -

In the following analysis we assume that housing is a necessity,
H*>0, and, moreover, that C*>0 such that no additional non-negativity
constraint for consumption is needed. In other words, the consumer

is assumed to display decreasing relative risk aversion as well as
decreasing absolute risk aversion.

In this infinite horizon autonomous problem the exponential time
preference factor may be eliminated. Therefore, assuming utility
function (3.6a), the Hamilton - Jacobi - Bellman equation can be
formulated as follows

(3.7) 0 = o(C,H,wsW,R,t) =

n
Max [ H(C-C¥)%(H-H¥)P2 4 3 + (rl-Ri+ 3 (go-i)w H-CHY)J,,
€. H.u} =19

1 n n . 2

where the partial derivatives are Jt=aJ/at, Jw=aJ/aw, JR=3J/aR and
2,2
=2 J/0W".

This yields the first-order conditions

(3.82)  ¢p = olC-CH) ()P _ g = 0

Ipefine the total expenditure as E=C+RT. Then_the instantaneous
indirect utility function is U(E;R)=a"'y Y8R gRaR™ B (E Cx-pH*)Y2,

In terms of total expenditure the absolute risk aversion is
A(E)=-T"(E) /U (E)=(1-va)/{E-C*-RH*) and the relative risk aversion is
R(E)=EA(E)=(1-vya)E/(E-C*-RH*). Therefore A'(E)=-(1-vya)/(E-C*-RH*)2<0
and R'(E)=-{C*+RH*)/(E-C*-RH*)2<0 if C*+RH*>0 and R'(E)>0 if C*+RH*<0.
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(3.8b) ¢ = p(C-CH)(H-10) P _pg = 0

W

{3.8¢) ¢wj = (gj-i)WJw + k§1°jk”szdww =0 (j=1,...,n)
Condition (3.8c) expresses the optimal portfolio shares of risky
assets as a system of linear equations. Hence the demand function
of any particular risky asset can easily be solved in the following
form, where ij denotes the elements of the inverted variance-
covariance matrix (see Appendix 2).

) n
{3.9) Gij = ij = -(Jw/wa)kzlvjk(gk—1)

The distribution of the risky portfolio is independent of individual
preferences because for any asset the ratio GJ.SJ./ZGkSk is
independent of -Jw/dww. This implies that the separation property
of portfolio choice as well as the capital asset pricing model hold
in this case where consumer prices and the price of housing stock
are assumed to be deterministic. Moreover, when closed form demand
functions for consumer goods and housing are derived, the risky
assets may without loss of generality be aggregated as a composite
risky asset. The demand function of risky assets is

n
= = sy, 2
(3.10) GS = jzlGij = -(JW/JWW)(9-1)/0

The weighted average expected return on the composite risky asset
is g=zﬁjgj, and the variance is 02=220jkijk. The weights
Wj=Gij/GS and Wk=GkSk/GS depend on the exogenous returns, risks,
and covariances but they are independent of the consumer's
preferences.

Optimality conditions (3.8a-b) yield the same linear marginal rate
of substitution relationship between consumption and housing stock
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that was derived above in (2.8). Moreover, we obtain the following
equations between consumption, demand for housing, and the marginal
derived utility of wealth (see Appendix 2)

l-ga ga _pa _1
(3.11) c=c*+ o ® g%r % g, °

ad l-ga ga-1 1
(3.12)  H=Hr+ o g% R % g °

where the auxiliary parameter is g=l-ya>0.

When the closed-form demand functions are solved the derived
utility function must first be solved from optimality equation
(3.7). In this model the derived utility function is

(3.13) J=al

xR (i -W* )72

where the human wealth is wh=Y/r and the "subsistence wealth" is
W*=C*/r+RH*/(r-q) (see Appendix 2). These variables are well-defined
only if r>0 and r>qg, as in the deterministic model of Chapter 2.

x is a constant which must be positive so that the derived utility
(3.13) becomes a strictly concave function of wealth. These
restrictions are also necessary for the convergence of the expected
utility (3.5) and they constitute sufficient conditions for an
optimum (c.f. Merton (1969)).

Given the solution for the derived utility function (3.13) the
demand functions are determined by (3.10), (3.11), and (3.12). The
consumption function is

12 * *
(3.14) C=C* 4 (a(p-var+saq) aalg-i)”, - Y-CT RH
Y0 26202 r r-q

)
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The demand for housing stock 1is

.12
. Blo-var+gaq) _ ga(g-i) Y-C* _RH*
(3.18)  H =W+ (BeED I R

When these demand functions are compared with the corresponding
deterministic demand functions, (2.13) and (2.14), we can see that
uncertainty brings additional terms into the coefficients of
disposable wealth which now depend on the market price of risk
(g-i)/o. The effects of asset price risk, 02, and expected excess
return on the risky portfolio, g-i, depend on the degree of relative
risk aversion p=l-ya. High degrees of relative risk aversion, a<0,
imply a negative elasticity of consumption and demand for housing
with respect to 02 and a positive elasticity with respect to g-i,
while low degrees of relative risk aversion, 0<a<i, imply the
opposite effects. In the event that the utility function is
Togarithmic, a=0, the asset price risk and excess return have no
impact on consumption and demand for housing stock. The effects of
other exogenous variables, Y, W, Q, q, and r are similar to those
of the deterministic case that were presented above in Table 2.1.

The demand function of the composite risky asset is obtained from
(3.10) by utilizing (3.13)

L 9l . YoCE  RHE
(3.16) GS ;;-g(w + I - 2

Accordingly, the demand for risky assets is an increasing function
of wealth, W, and income, Y, and the excess return, g-i, but a
decreasing function of the risk, 02. Moreover, the expected
appreciation of housing prices, q, has a negative impact on the
demand for risky assets if housing is a necessity so that H*>0. The
effect of real interest rate, r, is generally ambiguous.

Finally, we may note that the model is structurally fairly similar to
the previous deterministic model. Therefore the earlier conclusions
about consumers' tenure choice remain valid here as well. Moreover,
the effects of transaction and moving costs are principally similar in
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the two models. The main difference in this respect is that in the
portfolio model the risky assets may also serve as a "buffer stock"
against small changes in permanent income or other exogenous variables.

3.3 The implications of housing as a necessity for the
portfolio distribution

As was mentioned above, econometric studies suggest that housing is a
necessity in terms of the Stone - Geary utility function. This result
is intuitively clear since the shelter produced by housing is naturally
one of the basic needs of consumers. Next the implications of this
property will be j1lustrated from the point of view of households'
portfolio distribution. The previous model is suitable for this purpose.

Take the demand functions (3.15) and (3.16) of that model. Rewrite
equation (3.15) in the form QH=QH*+h(W-K) where K=w*-wh and assume
that QH*>hK>0. The portfolio share of the owner-occupied housing
stock, QH/W=h+(QH*-hK)/W, is then a decreasing function of net wealth
W. On the other hand, equation (3.16) shows that the portfolio
proportion of risky assets GS/W is an increasing function of the
consumer's wealth. These portfolio shares are demonstrated in

Figure 3.1.

Figure 3.1: Portfolio distribution as a function of consumer's
wealth

QH/W

GS/W

A/W

_—_K-
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The portfolio share of the riskless asset A/W is drawn as a negative
but increasing function of wealth in Figure 3.1. In this case the
consumer invests more than his material wealth in housing stock and
risky assets and finances the rest of the investments by borrowing.

The hypothetical portfolio shares drawn in Figure 3.1 qualitatively
coincide with the corresponding empirical distributions implied by
the Finnish cross-section data as depicted below in Figure 6.1

(p. 92), but only for households above the average household net
wealth level. The average portfolio proportion of housing stock of
these households seems to be a decreasing function of net wealth
while the average portfolio share of securities increases as a
function of wealth in the same way as the portfolio proportion of
risky assets in Figure 3.1. The portfolio proportion of riskless
assets of wealthier households seems to be negative but increasing
as in Figure 3.1 if measured by the difference between bank deposits
and loans. ’

On the other hand, the Finnish data indicate that among the
households with wealth below the average level the portfolio
proportipn of housing property is an increasing function of wealth,
and as a mirror image of that the housing loans also increase in
relation to net wealth. In other words, taking the whole household
sector into consideration there seems to be a kind of kinked shape
in the portfolio share of housing stock and loans, as can be seen
in Figure 6.1.

One reason for this phenomenon may be that consumers cannot borrow
by means of the collateral of their human capital, the present
value of their wage and transfer income, to the extent presupposed
by the previously analyzed neoclassical theory with the assumption
of a perfect capital market. This kind of loan market imperfection
affects in the first place the less wealthy households and hinders
their housing investments. A more detailed discussion of capital
market imperfections will be presented in Chapter 4 of this study.
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3.4 Demand for housing under inflation and income uncertainty

The next issue concerns the demand for housing and rental market
equilibrium under uncertainty about housing and consumer prices and
consumers' income flow. The effects of expected returns and risks on
the portfolio share of housing stock are studied. Furthermore, the
determination of the market price of housing stock and the rental
price of housing services is analyzed in a rational expectations
equilibrium state.

There seem to be re]ative]j few studies about the demand for housing
and the equilibrium rental rate under housing price uncertainty.

The few exceptions are the discrete time two-period case analyzed
by Henderson and Ioannides (1982) and the continuous time model
constructed by Ioannides and McDonald (1982). These models assumed
random housing prices but did not take into account the possibility
of inflation uncertainty induced by unpredictable changes in
consumer prices.

The inflation uncertainty may, however, considerably influence the
portfolio share of housing property and the determination of the
rental price of housing services. The following analysis shows that
a conventional portfolio model where housing stock is a pure asset
implies that sufficiently risk aversive households may optimally
hedge against inflation risk by investing in housing property. But
housing stock is also used for consumption purposes. A positive
correlation between the rate of inflation and changes in housing
prices generally tends to reduce the demand for housing services.
This negative demand effect works against the eventual positive
supply effect so that hedging against inflation risk is a less
1ikely motive for housing investments than the conventional

- portfolio theory implies. This was already noted in Rantala (1983),
although with more restrictive assumptions than those applied below.

Inflation risk also influences the equilibrium rental price of
housing services. The financial assets may become relatively more
risky than housing property in real terms, so that the housing
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stock does not necessarily earn a risk premium, in contrast to the
situation in the model of Ioannides and McDonald (1982), where the
consumer price level was assumed constant.

However, the assumption of random housing market prices and consumer
prices complicates the analysis and necessitates simplifying
assumptions elsewhere to make the model tractable. Hence it will be
assumed that consumers' portfolios consist of only two assets,
housing stock and a financial asset. For simplicity it will also be
assumed that changes in income are proportional to wealth and that
all consumers have constant relative risk aversion utility functions.

Besides, the assumption of continuous trading of housing stock and
consumer goods in complete markets where prices are formed as
continuous functions of time may in fact be too simplistic from an
empirical point of a view. Mevertheless, modelling the rate of
inflation as an Ito process is by no means exceptional, as can be
seen from studies made for example by Fischer (1975), Gertler and
Grinols (1982), and Poncet (1983). One of the advantages of this
specification is that only two parameters, mean and standard
deviation, are needed to completely characterize the random
inflation process.

One of the central assumptions made in the following model is that
all consumers are perfectly identical except possibly for their
wealth. In other words, all consumers' preferences are similar and
the changes in their income flows are equal in proportion to their
wealth. Furthermore, they have rational expectations and they are
perfectly aware of the equilibrium solution of the housing market
given the values of exogenous and predetermined variables.

Since we are interested only in the equilibrium state of the market
of housing services we may assume that the rent-price ratio of the
housing stock is constant. Therefore the changes in both the market
price of a ugit of housing stock Ph(t) and the corresponding
rental rate R(t) may be defined to follow the same Ito process
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(3.17) dpy /Py = dR/R = pdt + o dz,
where Pp is the expected percentage change in the price per unit
time, o, denotes its standard deviation per unit time, and z, is a
Wiener process. This specification satisfies the assumption that
the rent-price ratio, which is determined in the housing market
equilibrium, is a constant, say V=E(t)/Ph(t).

The Ito process for consumer prices P{t) is defined as

.18 dP/P = pdt + ¢ d
(3.18) P/ pd o zp
where p is the expected rate of inflation per unit time, % is the
standard deviation of inflation per unit time, and zp is a Wiener
process.

The changes in nominal income V(t) are assumed to be proportional to
nominal net wealth W(t) and are specified as the following Ito
process

.19 Y = yWdt + o W
(3.19) dY = yWdt + o iz,

where ; and oy are, respectively, the mean and standard deviation

per unit time of the change in income in proportion to wealth, and
where z_ is a Wiener process. This specification was also applied

by Ioannides and McDonald (1982).

Consumers' portfolios are simplified compared with the previous
model by assuming that they contain only two marketable assets. The
wealth consists of financial asset K(t) and housing property

P, (tIHO(t).

(3.20)  W(t) = A(t) + P (£)HO(t)

The financial asset is assumed to yield riskless nominal interest
rate i per unit time. A nominally riskless asset has also been
introduced in other models of portfolio choice under inflation
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uncertainty {e.g. Fischer (1975), Gertler and Grinols (1982), and
Poncet (1983)). The instantaneous depreciation rate § of the
housing stock is also assumed to be deterministic in this model.

The representative consumer's budget constraint is defined as

HO-RH-PC)dt + dY + — PH

(3.21a)  dW = (iA+RHC-sP
h P

(3.21b)

((i+y)w+(ph-6—1+V)ww—RH-PC)dt+w(chwdzh+cydzy)

where H(t) denotes the consumption of housing services which in
principle is separable from the investment demand for the housing
stock HO(t). C(t) denotes the composite consumption of other
non-durable consumer goods and services. Wealth constraint (3.20)
has been utilized in equation {3.21b) to substitute for the
financial asset. Furthermore, w=Ph(t)H°(t)/ﬁ(t) denotes the
portfolio share of the housing stock. The accumulation equation
implies that wealth increases due to income, capital gains, and
rental income from housing property and decreases by expenditure on
housing and other consumption.

It is convenient to solve the model in terms of relative prices by
defining non-housing consumption as the numéraire good. The wealth
constraint thus modified is

(3.22) W(t) = W(t)/P(t) = A(t) + QUtIHO(t)

where A(t)=A(t)/P(t) and Q(t)=P, (£)/P(t).

The deflated budget constraint can be derived from definitions
(3.18) and (3.21b) by Ito's stochastic differentiation rule (see
Appendix 3a). Thus

(3.23) d¥ = ((r+y)w+(rh+V)ww-RH-C)dt+W(chwdzh+oydzy—cpdzp)
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r=i—p+o§ may be defined as the expected real rate of interest
under inflation uncertainty (c.f. Fischer {1975)). y=y-oyp is the
expected real change in income and rh=ph—ohp—6-i denotes the
expected real rate of appreciation of the housing stock Tess the
unit interest cost. %p denotes the instantaneous covariance per
unit time between processes cydzy and ¢ dz_, and Shp is the

pp
instantaneous covariance per unit time between chdzh and apdz .

p
The presence of the standard deviation of the rate of inflation in
the expected real returns is basically due to the non-linear effect
which the random consumer price level has via the denominator in

the definition of real wealth (3.22).

The percentage change in relative housing prices, Q(t), and
relative rental rate, R{t)=R(t)/P(t), is

(3.24) dq/Q = dR/R = qdt + chdzh - opdzp

where q=ph-p+gg—ohp is the expected percentage change in the

relative price (see Appendix 3a).

The representative consumer's objective for an infinite planning
horizon is defined so as to

"pt

(3.25) Max Eq fe P7U(C,H)dt
0

C,H,w

subject to (3.23), (3.24) and w(o)=wo.

The corresponding derived utility function of real wealth and
relative rental rate is in this case independent of explicit time
because we assume for simplicity the constant relative risk
aversion case of instantaneous utility function (3.6a-b) where
C*=H*=0. Thus
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(3.26) J(W,R) = Max Etje'P(T't)a'lc“aHBadT
C,Hw "t

The next step is to define the consumer's objective in terms of the
Hamilton - Jacobi - Bellman optimality equation

(3.27) 0 = ¢(C,H,wiW,R) =
Max  [2 TCOCHBR-oJ+( (ry )Wt (r +V)wH-RH-C)J
h W
C,H,w
1, 22 2
+ QRJR + -2-( oW +2(chy-ohp)W+oy+o

2 2
-2
D cyp)w Iy

1, 2, 2 2 2 2
+ —2-( ch+op-20hp)R Jprt! (o~ ohp)w+ohy- hp” oyp+ap)WRJWR:|

This gives the first-order conditions

acaa_lHBa -Jdy =0

(3.280) ¢ = 6CO%P2L Ry, = 0

(3.28¢) ¢ = (r+V)Wd+(otwroy, oy W2 it (o2-op JWRIyp = O
: W h W %% Ohy ™ %hp " CwWT OhT hp /"N WR

Optimality conditions (3.27) and (3.28a-c) yield the following

consumption function, demand function of housing services, and

portfolio share of housing stock where vy=otg and e=1l-va (see
Appendix 3b).

(3.29) C= ($—§ = %—i oﬁwz)w = cW
(3.30) W= (5o P oBW®RW = hR™M
; . )
(3.31) W= oL Pp-8-1+V-Baoy-odoy,-Oopy

2
W eoh
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The auxiliary parameter ¢ is the following function of exogenous
constants

(3.32) e = p-Ya(i+;)+aap+3aph _ aa(;ma)ui _ Ba(%ﬂ%a)uﬁ + Ygauf,

- aBazchp+BYazohy+aYa2qyp
The portfolio share of the housing stock, w=QHO/W, and the
rent-price ratio V=R/Q=§/Ph are, however, still undetermined in
the sense that they depend on each other, as can be seen from
equation {3.31). In order to solve these endogenous variables
separately as functions of purely exogenous factors the market
equilibrium of housing services must be solved first.

As was mentioned above, all individual consumers are assumed to be
perfectly identical -except possibly for their wealth. This |
presumption was the basis for assuming that consumers expect the
rental market to be in equilibrium and thus the rent-price ratio to
be a constant V. But it means also that all consumers have equal
marginal propensities to spend on housing, h, as well as equal
portfolio shares of housing stock, w. Both of these endogenous
factors are independent of wealth and depend only on the exogenous
parameters due to the linear homogeneity of the demand functions
with respect to wealth. In other words, the individual values of h
and w hold at the aggregate level as well.

Aggregate demand equals aggregate supply in the market equilibrium
of housing services. Suppose that the household sector consists of

N consumers. Let H. denote the demand for housing of the jth
consumer, and let Hg denote his supply of housing services, and

let wj be his net wealth, where j=1,...,N. Thus the aggregate

demand for housing services is ij, the aggregate supply is zHg and
the aggregate wealth of the household sector is zwj. Then the market
equilibrium of housing services is determined by the following
system of equations.



45

(3.33a) RZHj = hiW

(3.33b) QzHg.’ will

SR o
{3.33¢c) ZHj = ij

These conditions yield an equilibrium relationship between the
portfolio share of the housing stock and the rent-price ratio V=R/Q

=0, - 18
(3-34) W—Fh —V(—;""Z—‘O'hW)

On the other hand, the rent-price ratio can be solved from equation
(3.31)

_R _ . 2
(3.35) vV = a—— 1—ph+5+(sa+ew)ch+aaohp+eohy

Substituting this expression for V in equation (3.34) yields
finally the following quadratic equation for the optimal portfolio
share of housing stock, w=QH°/w, as an implicit function G of the
exogenous variables

€

. 2
(3.36) G = uof,wz + (1-py+o+pacy+oacy +oop, JW - % =0

where ¢ is defined in (3.32) and the auxiliary parameters are
w=l-qa-ga/2>0, 0<y=otg<l and e=1-ya>0. The easiest way for
comparative static analysis of the optimal portfolio share is to
apply implicit function differentiation to equation (3.36). For
example, 3w/ao§=-(aG/aoﬁ)/(aG/aw). The feasible optimal portfolio
share of housing stock must naturally be the positive root w>0 of
equation (3.36) for which 3G/aw>0.

The signs of the partial derivatives of the optimal portfolio
distribution with respect to the exogenous variables are collected
in Table 3.1 for different degrees of relative risk aversion, l-va.
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Risk aversion may be classified as being high if a<0 and low if
O<a<l.

For the sake of comparison it may be useful to present the signs of
the effects of changes in the exogenous variables also in the case
that the housing stock is a pure risky asset and does not yield
directly ;hy positive marginal utility. This case is obtained from
equation (3.36) simply by setting p=0 and =1, which means that
H=UH=0 and corresponds to an assumption that consumers have constant
relative risk aversion utility functions defined only for the
non-housing consumption U(C)=a_1Ca. Accordingly, the representative
consumer's housing stock is

o ) ph-a-i-achp-(l—a)ohy ’
| =0 (1-a) 20

(3.37) H

This is a quite normal portfolio model in the case of inflation
uncertainty. The comparative static results of this reference case
are also presented in Table 3.1 for different degrees of relative
risk aversion, l-a.

Table 3.1: Effects of changes in exogenous variables on the
portfolio share of housing stock as a durable good
(0 < g < 1) and as an asset (g = 0)

) ~ 2 2 2
ph 1 p y O'h Up O'y O'hp Uhy Gyp
w=QHO /W 2 0?2 - + 0?2 0?2 - 7 7 + a<0
0<p<l + - 0 0 - 0 - 0 a=0
+ - + - - - + - ? + 0<a<l
w=QHO /W + - 0 0 - 0 0 + - 0 a<o
8=0 + - 0 0 - 0 0 O 0 a=0
+ - 0 0 - 0 0 - 0 O<a<l
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Most of the differences between the two cases are quite obvious. If
the housing stock is a pure asset and g=0 the portfolio distribution
is totally independent of the mean rates of inflation, p, and income
changes, ;, as well as of the standard deviations, o and Oy This
is a normal portfolio theoretic result. But it holds also in the
event that housing stock is demanded for consumption purposes, 0<p<1,
if consumers' utility functions are logarithmic, a=0. Otherwise, if
0<p<l and a#0, all exogenous factors including the parameters of

the inflation and income processes that affect the marginal
propensity to spend on housing h in demand function (3.30) via
parameter ¢ defined in (3.32) also have an impact on the optimal
portfolio share of the housing stock w.

When 0<g<l, the capital gain and interest rate effects are generally
ambiguous for high degrees of relative risk aversion, a<0, in a
similar way as they were ambiguous in the deterministic model of
section 2.3. However, at Tower levels of relative risk aversion,
0<a<l, these effects are unambiguous, so that the optimal portfolio
share of the housing stock depends positively on the expected rate
of appreciation of housing prices, Pps but negatively on the
ogportunity cost, i, and the risk associated with housing prices,

Oh-

When 0<g<1 and a#0 the consumption of housing services depends on
the means and standard deviations of inflation and income changes,
as can be seen from equations (3.30) and (3.32). The directions of
the effects depend on the degree of relative risk aversion, but for
a given level of risk aversion inflation and income changes have
opposite effects on the portfolio distribution via means, p and ¥,
and standard deviations, % and Oy Furthermore, a positive

covariance between inflation and income changes, ¢, >0, increases

yp
the demand for housing services unless a=0.
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3.5 Hedging against inflation risk

As was mentioned above, one of the issues in this chapter is
consumers' hedging against inflation risk by investing in housing
property. The behavioral mode is clearcut if housing stock is a
pure asset and g=0. Then the hedging effect is positive if the
covariance between inflation and changes in the price of housing
stock is positive, °hp>0’ and if consumers' relative risk aversion
is sufficiently high, a<0.

But the fact that the housing stock is also required for consumption
purposes, and 0<g<l, brings about changes in consumers' behaviour.

A positive covariance between changes in the two prices, Ph(t) and
P{t), has in general a negative impact on the consumption of

housing services, for as can be seen from equations (3.30) and
(3.32) the marginal propensity to spend on housing, h, depends
negatively on hp unless a=0. Hence for high degrees of relative
risk aversion, a<0, the total impact on the portfolio share of the
housing stock of a positive covariance between the rate of inflation
and changes in the price of housing stock remains in general
ambiguous, since it depends positively on the hedging effect and
negatively on the consumption effect. In fact the positive hedging
effect dominates the negative consumption effect, or relative price
'le'1>0. On the other hand, for low
degrees of relative risk aversion, 0<a<l, a positive covariance

effect, only if a<0 and w>-32ay

between inflation and changes in the price of housing stock has an
unambiguously negative effect on the optimal portfolio share of
housing property.

The different effects of covariance term hp can perhaps be clarified
if we artificially separate the supply and demand effects from each
other. The pure supply side effect can be seen from equation (3.37).
Thus the covariance, hp? has a positive hedging effect on HO if

the relative risk aversion, l-a, exceeds unity so that a<0,

The pure demand effect can be seen clearly if we eliminate the
supply side by setting w=H%=0 in equation (3.30). In this case the
representative consumer's demand for housing services is
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3.38 H = Be _y

Now the covariance oy, influences the consumer only via term e
which is defined in equation (3.32). This shows that the demand for
housing services depends negatively on %hp except when the utility
function is logarithmic and a=0, in which case the covariance has
no impact on the housing stock.

Now that the comparative analysis of the optimal portfolio share of
the housing stock has been presented, a similar type of procedure
could be applied to the equilibrium rent-price ratio as well.
However, a closer inspection of equation (3.35) and Table 3.1 reveals
that effects of many exogenous variables on the rent-price ratio
V=R/Q remain ambiguous given the assumptions of the model. Therefore
more specific assumptions are needed to clarify the relationship
between the rent-price ratio and the exogenous variables.

3.6 The determination of housing prices and rents in a
partial equilibrium

The previous analysis was performed on the assumption that the
aggregate supply of housing stock equals the aggregate demand for
housing services. This assumption was sufficient for determining
the optimal portfolio share of the housing stock and the
corresponding level of rental rate of housing services given the
market price of houses and other exogenous factors.

However, considering the simultaneous behaviour of the household
sector as an aggregate it may quite rightfully be assumed that the
instantaneous aggregate supply of housing stock is completely
inelastic with respect to changes in the market price. Changes in
the stock supply of houses take time because both residential
construction and the depreciation of the existing stock are
time-consuming processes.
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Next we shall consider a simple partial equilibrium model where the
aggregate supply of housing stock is a constant, say HO' Hence in
the market equilibrium

(3.39) Hy = zHg = IH,
The additional assumption leads to the following Tinear relationships
between the market price of housing stock, Ph(t), the corresponding

rental price, R(t), and the aggregate wealth of the household
sector, zwj(t)

(3.40a) P, =Y sy,

(3.40b) R

1]
5
[ng]
=

Since the relative changes in wealth of all consumers are equal and

w, h, and H0 are constants, the percentage changes in P_ and R equal

h
the percentage changes in wealth for the household sector and for
individual consumers. Hence deleting for brevity the subscripts

denoting the individual consumers

(3.41a)  dp /P, = dR/R = pdt + o dz, =

(3.41b)  dW/M

(1+§+(ph-a-i+v)w-ﬁH/ﬁ-PC/ﬁ)dt+qhwdzh+gydzy

(3.41c)

(1'+;+(ph-6-1')w-c)dt+ohwdzh+cyd2y

Equation (3.41b) is the representative consumer's budget constraint
(3.21b) for the optimal portfolio share of the housing stock, w,
optimal demand for housing services, H, and optimal non-housing
consumption, C. Equation (3.41c) has been obtained by utilizing
definitions (3.29) and (3.30) for ¢ and h and equilibrium condition
{3.34).

The equivalence conditions (3.4la-c) imply that in a rational



51

expectations equilibrium the drifts of Ito processes dPh/Ph=d§/§
and dW/W are equal. On the other hand, the stochastic terms must
also be equal so that °hdzh=°thZh+°dey°

Denote the instantaneous correlations per time unit between
processes dzh, dzy, and dzp by Phy® Php’ and Pyp respectively. Then
~equations (3.4la-c) yield the following equilibrium conditions

(3.42a) pp =1+ (;—c-sw)/(l—w)

(3.420) o = o /(1-)
(3.42¢) oy, =1
(3.42d) oy = oy,

Introducing the supply constraint for the housing stock gives rise
to an additional equation (3.42a) which determines the expected
percentage change P, per time unit of the price gf housing stock
and rental rate in (3.41a) as a function of i, y, and § and the
exogenous variables which determine ¢ and w. Condition (3.42b) says
that the standard deviation per time unit of percentage changes in
the price and rent of housing stock is proportional to the standard
deviation of changes in income. This implies that, according to
condition (3.42c), percentage changes in the price and rent of the
housing stock are perfectly correlated with the relative changes in
wealth which are generated by the stochastic income flow. This in
turn implies, according to condition (3.42d), that the instantenous
correlation between changes in housing prices and consumer prices
equals the correlation between inflation and income changes.

Substituting (3.42b-c) for oy and Phy in Shy =% % Phy and inserting
this in (3.35) yields an equilibrium condition for the rental price of
housing services, ﬁ(t), as a function of the price of housing stock,
Pu(t), and the mean, Pys and the standard deviation, o, of

percentage changes in housing prices (see Appendix 3c).

(3.43)  R(t) = (i-py+o+(1-aa)optancy )Py (£)
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Accord1ng1y, there is a risk prem1um term, (l-aa)ch+aachp, in the
equilibrium rent-price ratio V= R/P —R/Q. In the case of a zero
covariance between changes in the price of housing stock and
1nf1at1on, O =0, the housing stock earns a premium since

(1- aa)ch>0 This conclusion was made also by Ioannides and McDonald
(1982) from a model where consumer prices were assumed constant.

But this result does not generally hold if the rate of inflation is
uncertain. Equation (3.43) implies that the risk premium term may
well be zero or even negative for sufficiently negative values of
risk aversion parameter a or covariance Shp* In the present model
the risk premium is positive only if Pyp”" (l-aa)qy/(aa(l-w)cp) (see
Appendix 3c). In other words, the risk premium is positive only for
sufficiently high correlation between changes in income and

inflation.

Summarizing the results we may conclude that housing stock, or any
durable good, has special implications for consumers' portfolio
distributions. The portfolio share of housing stock depends always
on consumers' preferences because it is demanded for both
consumption and investment purposes, un1ike’pure assets. Moreover,
a positive covariance between random changes in the price and rent
of housing stock and consumer prices has a negative impact on the
demand for housing services which diminishes the efficiency of
housing stock to serve as a hedge against inflation risk.




4 CREDIT AND RENTAL MARKET IMPERFECTIONS AND THE HOUSING
INVESTMENT PROCESS

4.1 Introduction

A1l the previous analysis has rested on the assumption that capital
markets are perfect in the sense that consumers may borrow up to
the Timit of the collateral of their material and human capital.
However, under practical loan market conditions lenders may not
have such confidence in borrowers' potential earnings as to accept
the total present value of future income as a guarantee for loans.
The purpose of this chapter is to analyze the effects of this type
of capital market imperfection from the point of view of
consumption and housing investments.

A liquidity constraint may be a particularly relevant factor in the
housing investment process, since housing stock is generally the
single most important asset in household portfolios. Thus if credit
constraints prevent housing investments of consumers with small means,
the ownership of housing property tends to concentrate in the higher
wealth classes. This is obviously revealed in the quite different
portfolio structures of households at different wealth levels.

There is a large body of literature about the rationality of credit
rationing, as for example the survey of Baltensperger {1978) shows.
The behaviour of the supply side of the loan market, however, falls
outside the scope of this study. Instead, it is simply assumed that
the 1oan market is imperfect in the sense that mainly physical
assets qualify as a collateral for borrowing.

Moreover, imperfection of the rental market of housing services
will be introduced into the analysis. An important presumption in
the following model is also the indivisibility of houses. This will
be modelled simply by means of a Stone-Geary type of utility
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function which sets a lower bound or a subsistence level on the
size of the consumer's housing stock. This does not, of course,
correspond to the usual concept of indivisibility, but it suffices
to characterize that a usable housing stock is typically a large
unit compared with other consumer goods.

This kind of "indivisibility" of housing stock is a crucial
property in imperfect capital markets in the sense that those
consumers who cannot finance sufficient housing investments that
would exceed their subsistence housing stocks must choose tenancy.
This gives rise to systematic differences in tenure choice as an
alternative to the effect induced by the non-neutrality of the tax
system described in section 2.5.

The effects of capital market imperfections on consumers' intertemporal
behaviour have been examined in several studies. Two main types of
Toan market imperfections have been analyzed in the Titerature.

First, the imperfection may be revealed in connection with interest
rate determination. Lenders may set interest rates depending on the
size of the borrower's loan. This mode of lender behaviour has been
studied in the context of a Tife cycle model by Appelbaum and

Harris (1979). On the other hand, financial intermediaries generally
differentiate between interest rates on loans and deposits. This

has been taken into account in the studies of Tobin and Dolde (1971),
Flemming (1973), Watkins (1979), Hu (1980), and Shah (1981).

The second main type of capital market imperfection is formed of
quantity constraints either on the flow of borrowing or on the

stock of consumers' loans. The effects of such liquidity constraints
have been analyzed for instance by Heller and Starr (1979). In some
cases the borrowing constraint is assumed to depend on consumers'
income. Such models have been presented by Russel (1974), Wu (1974),
Koskela (1978), and Shah (1982).

There are relatively few studies about the effects of capital market
imperfections on housing investments. Artle and Varaiya (1978)
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constructed a 1ife cycle model where a consumer has an exogenous
housing investment target which can be achieved only by saving a
required down-payment for a mortgage loan. They analyzed several
characteristics of the optimal 1ife cycle consumption and saving
paths. Specifically, they showed that consumption may be
discontinuous at the time of the house purchase even though the
consumer's income flow is continuous. An analytically similar model
has been constructed later by Jackman and Sutton (1982). They also
studied a case where a consumer saves optimally to finance a
profitable but i11iquid and exogenous investment such as a housing
unit. Furthermore, they showed that interest rate policy has
asymmetric effects in the sense that an increase in interest rates
has a larger net impact on consumption than a fall.

A critical characteristic in these studies is the assumed exogeneity
of the housing investment. Why would the demand for housing be
independent of consumer's wealth and income? Any particular housing
unit may quite rightfully be regarded as an indivisible good but
nevertheless there normally is a continuum of different sizes of
houses in the market for households to choose. Thus there is no
reason why consumers would not optimize the size of their housing
investments even if there are imperfections in the capital market.

Proceeding from the neoclassical model of demand for consumer
durables allows the housing investment to be determined endogenously
via consumer's utility maximizing behaviour, as Ranney (1981) has
shown. She assumed various forms of capital market imperfections,
such as the non-negativity of savings, a down-payment constraint,
and a differential between mortgage interest rate and interest rate
on savings. She studied housing investment behaviour under a
binding Tiquidity constraint and in perfect loan market
circumstances. The analysis was, however, based on the simplifying
assumption that the non-negativity constraint on saving is binding
at most in the beginning of the planning horizon and thus has no
effect on the dynamic properties of 1ife cycle consumption, demand
for housing and saving.
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The following model is in fact a kind of combination of the
aforementioned models. It aims at taking account of the

for its endogeneity by proceeding from the neoclassical theory of
demand for consumer durables, unlike Artle and Varaiya or Jackman
and Sutton. In contrast with Ranney's model this study is concerned
with the effects of an expected future liquidity constraint on the
optimal saving for a house-purchase. It also emphasizes the role of
borrowing constraints in connection with the indivisible nature of
houses in explaining that home-ownership tends to concentrate among
wealthy households.

4.2 Tenure choice in imperfect capital and rental markets

Most of the analysis in the previous chapters of this study has
been based on the assumption that capital and rental markets are
perfect. Individual consumers' tenure choice depends on the rental
cost of housing compared with the user cost of the same housing
stock. These costs equal in the rental market equilibrium under
perfect foresight conditions if the tax-system is neutral, whereas
the owners of the housing stock may earn a risk premium if house
prices are random. The following case illustrates briefly the
effects of capital market imperfections on tenure choice and rental
rate determination.

Capital markets are assumed to be imperfect in the sense that there
is a borrowing constraint on net financial assets A(t)>A. The
consumer's demand for housing stock for investment purposes is
denoted by HO(t) and his consumption of housing services is H(t).
The user cost of housing stock under perfect market and perfect
foresight conditions is R(t)=(1-ph+6)0(t) where i denotes the
nominal rate of interest and P and § respectively denote the
percentage change in the price and the depreciation rate of the
housing stock. Q(t)=Ph(t)/P(t) is the relative price of houses and
consumer goods. The rental price of the housing stock in relation
to consumer prices is denoted by R(t).
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The consumer's objective for an infinite planning horizon is
defined as so as to

(4.1a) Max je'th(C,H)dt

C,H,HO 0
s.t.
(4.1b) = ri+(R-R)HO-RH-C+Y
(4.1c) A= W-QH® > A

(4.1d) W(0) = wo

The consumer optimizes his consumption, C, demand for housing
services, H, and investment in housing stock, H°, in order to
maximize discounted utility over the planning horizon. Accumulation
equation (4.1b) implies that wealth increases as a result of rental
income from housing property, Bﬂo, and of other real income, and
decreases due to the cost of ownership of the housing stock, RHO,
and rental expense on housing services, RH, as well as consumption
expenditure. Taking account of the borrowing constraint expressed
in condition (4.1c) the Hamiltonian may be written as follows

(4.2) F = e PtU(C,H)+2(rit (R-R)HO-RH-C+Y) +n(H-QHO-A)

Assume that the borrowing constraint is binding continuously, so
that n>0 and w=QH°fA. The break-even point of home-ownership,
aF/aH°=0, gives the required rental return on housing stock

(4.3) R = R+(n/2)Q = (i-p +s+n/2)Q

Accordingly, the perfect capital market equilibrium condition,
Bﬁt)=R(t)=(i-ph+6)Q(t), no longer holds. Instead, equilibrium in
the rental market now requires that the shadow cost of the
effective borrowing constraint be compensated in the rental price
of housing services as condition (4.3) implies. This would
presumably take place in a perfect rental market if all consumers
were identical in every respect. Under these conditions the shadow
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cost of ownership of the housing stock would be compensated in the
rental market equilibrium by a return equal to (n/x)Q in excess of
the perfect capital market rental price R.

The specified 1iquidity constraint influences a borrowing consumer
more strongly the larger his expected income, Y, is in relation to
his present wealth, W, because it implies that future earnings do
not fully qualify as a collateral for borrowing. Thus, if consumers
have identical preferences but different income and wealth, the
required return on home-ownership is highest among those consumers
who expect large income in relation to their present wealth and
they therefore choose tenancy. In these circumstances the ownership
of the housing property tends to concentrate among the wealthier
households, which are less severely constrained in the credit
market.

However, despite the fact that borrowing constraints in general
favour tenancy, there may be institutional imperfections in the
rental market which ultimately tend to force even the
liquidity-constrained households towards owner-occupancy. Distortions
affecting the rental market equilibrium may result for instance
from public rent controls applied to Tandlords and from housing
allowances granted to tenants. The former tend to suppress the
supply of rental housing stock while the latter increase the demand
for rental housing services. Such a contradictory policy may give
rise to an excess demand for rental housing services, a situation
where tenants are subject to quantity constraints in the sense that
they cannot find vacant dwellings at the prevailing level of rents.
This may induce either a shadow cost associated with the binding
availability constraint of rental dwellings or an increase in the
unregulated rental rate if there is an uncontrolled segment in the
rental market (c.f. Fallis and Smith (1984)}).

Such indications of imperfections in the rental market of housing
have been in evidence for example in Finland. These are also in the
background of the analysis below, which assumes that the rental
price of housing is so high compared with the user cost that
consumers generally prefer owner-occupancy of the housing stock.
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4.3 The effect of an expected borrowing constraint on
consumption and demand for owner-occupied housing stock

The next issue concerns the effects of the borrowing constraint
A{t}>A on consumption and housing investment behaviour. The rental
market for dwellings is assumed to be imperfect in the sense that
the rental cost, for some reason, exceeds the user cost of a
liquidity-constrained consumer, so that he prefers owner-occupancy
and HO(t)=H(t) in model (4.la-d).

A strictly positive lower bound is assumed for the usable housing
unit by specifying a Stone-Geary type of utility function for the
consumer

(4.4) U(C,H) = aL(C-C*) @@ (H-H*) B2

where the parameters are restricted as stated in (3.6a-b). The
subsistence level of housing stock is assumed to be positive H*>0,
and the subsistence level of non-durable composite consumption is
assumed to be non-negative C*>0. Given the specification of the
utility function the Hamiltonian is

(4.5) F o= e Pta 1 (C-C%) % (Hob# ) B4 A (PH-RH-C+Y) +1(H-QH-A)

The necessary conditions are

(4.6a)  Fp = e PEa(c-c1) @@ (opx) B2y = 0

(4.6b) = e PYg(Cog*) @ (Hop*) B LRag = 0

-
I

(4.6¢) Fy = rin = -3

(4.6d) 130, n(W-QH-A) = O

These are different from the perfect capital market optimality
conditions (2.5a-c), owing to the possibility of a
Tiquidity-constrained period. Condition (4.6d) implies
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that the shadow cost of borrowing becomes positive, n>0, in a
Tiquidity-constrained period.

This section analyzes the case where the consumer has sufficient
wealth to invest in a housing unit which exceeds the subsistence
Tevel H(0)>H*. The situation in which this is not possible is
described in section 4.4.

The first question to be analyzed is, of course, under what
circumstances the borrowing constraint may become effectiye.
Therefore the change in consumer's net financial assets, A(t), is
first solved assuming that there is no borrowing constraint in
order to see whether the consumer, for a given set of exogenous
parameter values, tends to increase his financial wealth or borrow
more. A borrowing constraint is, of course, more important for a
borrower than for a saver.

In an unconstrained situation, n=0, there is a linear relationship
between composite consumption and demand for housing according to
conditions (4.6a-b)

(4.7) C(t) = Cr+ag IR(t)(H(t)-H*)

For simplicity of exposition the following model assumes that the
relative user cost of housing is a constant R(t)=(r+5)Q0, where the
real rate of interest is r=i-p. In this case optimality conditions
(4.6a-c) yield the following time path for the housing stock (c.f.
Appendix 1b)

f:ﬂt
(4.8) H(t) = (H(0)-H*)e ® + px

where 9=1-vya>0 and 0<y=qt+p<l.

Consumption and demand for housing are optimized subject to the
intertemporal wealth constraint



(4.9)  [eTECItIRACE))dE = Uy +
0

~|=<

The following optimal demand for housing is obtained in the event
of there being no borrowing constraint

= yx 4+ Blo-yar), Y-C*-RH*
(4.10) H{0) = H* + 7ok (Hy * - )

where w0+(Y-C*-RH*)/r>0 by the requirement of the consumer's
solvency. Therefore p>yar, which will be assumed subsequently.

For the subsequent analysis it is useful to define the consumer's
total expenditure as a sum of his consumption and investment. Since
investment flow is by definition I(t)=H(t)+sH(t), the time path of
expenditure is in terms of the initial housing stock

(4.11a)  E{t) = C(t) + QI{t)

n

Y‘—p_t

(4.11b) WQUH(0)-H*)e ©  + Ex

where y=a{r+s)/g+s+(r-p)/6 and subsistence expenditure is
E*=C*+sQH*. In the following we assume that ¢>0 and that the real
rate of interest is relatively low, 0<r<,, so that the expenditure
path is declining over time as depicted below in Figure 4.1.

The change in the consumer's financial assets depends on the
difference between income and total expenditure. Financial saving
is the following function of wealth and the exogenous variables

(4.12a)  A(t) = rA(t)-E(t)+Y

(4.12b) s(u(t)+ ¥

~C*-RH*,
r

where the propensity to save out of wealth is

s = r-pglp-yar)(r+y)/(ys{r+s)) (see Appendix 4a).
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Let us now introduce the borrowing constraint, A(t)gﬁ, into the
analysis and assume first that s>0, so that saving, A(t)>0,is
optimal. If the borrowing constraint is effective at all, it must
be binding in the beginning of the planning horizon, t=0, because
the consumer plans to diminish his liabilities continuously
thereafter. Therefore the borrowing constraint is binding only for
a sufficiently large demand for initial housing stock, H(0),
associated with a sufficiently large initial borrowing, so that
A(0)=w0-QH(0)ﬁA. This case basically corresponds to the model
analyzed by Ranney (1981).

Suppose next that s=0, so that the consumer neither saves nor
borrows. Then the liquidity constraint is either binding
continuously, A(t)=A, or always ineffective, A(t)>A. In the former
case the consumer's total expenditure equals always his income,
E(t)=Y+rA, while in the latter case his expenditure follows the
unconstrained path (4.11b).

The third case, s<0, in which the consumer is a borrower,

A(t)<0, forms the basis for the subsequent analysis. In this case
the consumer's 1iabilities ultimately approach a finite Timit,
A(t)s=-(Y-E*)/r, if 0<r<p and if only the requirement for solvency
restricts his borrowing (see Appendix 4b)}. Therefore, if the
borrowing constraint is expected to become binding at all, it must
be tighter than the asymptote of debts in an unconstrained optimum,
so that A(t)>A>-(Y-E*)/r.

If the credit 1imit is tight enough, there is a finite time point,
say t=t, when the borrowing constraint becomes binding, so that
n(t)>0 and W(7)=A+QH(<). In the unconstrained period, from t=0 to
t=1, consumption and demand for housing are optimized subject to
total disposable wealth less the present value of wealth at the end
of the period

(4.13)  [e"HC(E)RA(E))dE = Wyt [ Erdte (1)
0 0

where




63

reo
(4.18)  W(x) = A+QH(x) = A+Q(H(0)-H¥)e O +QH*

Inserting (4.7), (4.8), and (4.14) in (4.13) and integrating yields
the demand function of housing stock under an expected borrowing
constraint

Y-C*-RH*
0 * r

YRyq_.-eT -eT
Be(1 e “")+Qe

W (l—e_rT)-QH*e-rTﬁAe-rT

(4.15) H{0) = H* +

where e=(p-var)/6>0. Given the solution for H{0), equation {4.7)
then determines the consumption function C(0), and wealth
constraint (4.1c) in turn determines the demand for net financial
assets A(0)=w0-QH(O).

However, the demand functions are not yet completely specified,
because the point in time, t=t, when the borrowing constraint
becomes binding is endogenous. It can be determined from the
condition that at that time borrowing ceases, A(c)=0, so that total
consumption and investment expenditure equals total income
E(<)=Y+rA. Inserting this condition in equation (4.11b) yields the
following solution

Y+rA-E*

" S (H{0) %)

(4.16) = ;?—p
Endogenous variables H(0) and t are determined simultaneously by
equations (4.15) and (4.16). These equations imply that 5t/3A<0
provided that (3H(0)/5t)(51/3H{0))<1 and O<r<p (see Appendix 4c).

In other words, if the borrowing constraint is expected to become
more restrictive, dA>0, it also becomes binding sooner. This

outcome seems intuitively acceptable, for it also implies that
9H(0)/3A<0, and according to (4.7) that 3C(0)/3A<0. This means that
the more restrictive the borrowing constraint is, the smaller is

the demand for housing and consumption. Moreover, the wealth effect
is positive in both demand functions, 3H(0)/3H,>0 and aC(O)/aw0>0.
Thus the model differs in these respects essentially from the models
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of Artle and Varaiya (1978) or Jackman and Sutton {1982), where the
housing investment cannot react to changes in borrowing constraint,
wealth, income, and prices because it has been assumed exogenous.

An impbrtant implication of this model is that unlike in the
perfect capital market case described by equation (4.10), the
permanent income, Y, and the relative housing price level, Q, may
have ambiguous effects on the demand for housing stock, H(0). This
result is understandable because an increase in the permanent
income or a decrease in housing prices increases the consumer's
willingness to invest in housing stock according to equation
(4.15), but according to equation (4.16), the borrowing constraint
then becomes binding sooner if 0<r<p.

The.dynamics of total consumption and investment expenditure, E{t), and
net financial assets, A(t), can be seen in Figure 4.1. E(t) and A(t)
describe the paths of an unconstrained optimum, while EC(t) and AC(t)
refer to the case where the borrowing constraint is expected to become
binding at t=1. Thereafter Ac(t)ﬁﬂ and total expenditure equals
permanent income less interest expense on the debt, Ec(t)=Y+hA.

Figure 4.1: Time paths of total expenditure and net
financial assets

E(t)

W
Y+rA -

T t

AC(t)
Alt)
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4.4 The demand for rental housing and saving for a house purchase

Thus far we have assumed that; in spite of the liquidity
constraint, the consumer has a sufficient amount of wealth to buy a
home immediately, and that he in fact carries out the investment on
account of the Tower cost associated with owner-occupancy. However,
if he has a relatively small amount of wealth at his disposal, he
may be in a position where, even with substantial future earnings
Y, his current wealth, wo, is insufficient for a housing investment
that would exceed the subsistence level. This happens in the former
model whenever H(0)<H* in demand function (4.15).

In this situation the consumer is forced to acquire the housing
services from the rental market at a higher cost than he would have
to pay as an owner-occupier. Even so, he may start saving, and
after ‘having accumulated a sufficient amount of wealth he can buy a
home at a later date, say at time point t=T. Thereafter the housing
cost decreases and the consumer stays as an owner-occupier. This
two-stage planning procedure is formulated in the following model.

The consumer's preferences are described by the same Stone-Geary
utility function (4.4) in both sub-periods. The rental price of
housing is denoted by R and the user cost by R=(r+§)Q. The
consumer's saving problem as a tenant and investment problem as an
owner-occupier is defined as follows

T o
(4.17a)  J(W(0),0) = Max | [e™Ptu(C,H)dt+ e Pu(C H)dt ]
C,H,T 0 T

.
Max | Je”PtU(C,H) dt+d(W(T),T) ]

C,H,TO
s.t.
(4.17b)  W(0) = A4 0<t<T
(4.17c)  W(t) = A(t) > A "

rd ~-RH -C+Y "

=
]

(4.17d)
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(4.17e)  W(t) = A(t)+QH(t) > A+QH(t) t>T
(4.17F) W=rW-RH-CH+Y "

The investment problem, from time t=T onwards, is solved similarly
as in section 4.3. The saving problem is solved conditionally on
the derived utility from the owner-period, J(W(T),T), so that both
the accumulated wealth, W(T), and the Tength of the saving period,
T, are optimized via transversality conditions.

The Hamiltonian for the saving period is defined as

(4.18)  F = e Pta"L(C-0*) @ (H-t%) B4 p (PH-RH-C+Y) +n(W-A)
The necessary conditions are
(4.192)  F, = e Pba(c-cx) % (Ho) By = 0

(4.19b) F

" e-pts(C—C*)“a(H—H*)Ba'ligx =0

(4.19c)  F, = ratn = -i
(4.19d) 130, n(W-A) = 0

(4.19) AT)

J,(H(T),T)

(4.19f) F(T) -Jt(W(T),T)

Consumption is larger in relation to the demand for housing in the
saving period than in the investment period, since rental cost
exceeds user cost. There is again a linear relationship between
consumption and demand for housing according to conditions (4.19a-b)

(4.20)  C(t) = Cr+ap RIH()-H*)

If the borrowing constraint is not binding, so that =0, demand for
housing changes in time as stated in equation (4.8). Expenditure
items are optimized subject to an intertemporal wealth constraint
where the current total wealth is decreased by the present value of
wealth at the end of the saving period
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.
(C(E)+RH{LI)dE = W+ fe " PYdt-e
0

-rt rT

.
(4.21) Je W(T)
0

Inserting (4.20) and (4.8) in (4.21) and integrating yields the
demand for rental housing at the beginning of the saving period

Y-C*-RH*
+ ad

o+ = (1-e"T)e " Tu(T)

(4.22) H(0) = H* +

R (1-e7¢T)

Re
This demand function as well as the corresponding consumption
function determined by (4.20) display normal properties. Wealth,
wo, and permanent income, Y, have positive effects in both demand
functions. Rental price, R, has a negative impact on the demand for
housing. Moreover, saving more intensively to accumulate wealth,
W(T), necessitates a decrease in housing and consumption expenditure,
but saving for a Tonger time, T, allows larger expenditure because
the same saving target can be achieved with Tess effort.

The Tength of the saving period and optimal wealth at the end of
the period are, however, endogenous variables in this model. They
are determined by the transversality conditions. Optimal wealth is
determined by condition (4.19e) and optimal saving time by
condition (4.19f) (c.f. Kamien and Schwartz (1981 p. 148)).

The derived utility in the saving period is a function of the
initial real wealth, wo, permanent real income, Y, relative rental
price of housing, R, and the real rate of interest, r. On the other
hand, the derived utility in the investment period is a function of
real income, relative user cost of housing stock, R=(r+s§)Q, and the
real rate of interest.

Transversality condition (4.19e) implies that the marginal derived
utility of wealth at the end of the saving period, the left-hand
partial derivative J&, equals the marginal derived utility of
wealth at the beginning of the investment period, the right-hand
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partial derivative J;. Transversality condition (4.19f) in turn
implies that left- and right-hand part1a1 time derivatives, J

J:, and the Hamiltonians, F~ and Fr , are equal at the opt1ma1
switch-point in time, T. These two conditions form a two-equation
system {4.23a-b) which determines simultaneously the two endogenous

variables, W(T) and T, in terms of the exogenous variables.
(4.232) 35 (W(T), T3, Y,R,r) = JR(HIT), T5Y,R,r)

(4.230)  JZON(T),TsMg,Y,R, ) = JECH(T), T5Y,R5r)

Although the derived utility functions, J~ and J+, as well as the
implicit functions (4.23a-b) can be solved, they do not yield
clearcut comparative static implications. The extreme cases, where
T goes either to zero or to infinity, can be described more easily.

If wealth increases or house prices decrease sufficiently, the
consumer needs no saving period before the housing investment. Of
course, the house can be bought immediately also if the borrowing
constraint is reduced sufficiently. In this case the model reduces
to the form studied in section 4.3. On the other hand, if the
difference between rental price and user cost of housing decreases
sufficiently, there comes a point, say R=R+{n/2)Q as in the model

in section 4.2, where the consumer becomes indifferent in his tenure
choice, so that he may optimally stay as a tenant all the time.

The case in which T is positive and finite is illustrated in Fiqure
4,2. The time path of total consumption and housing expenditure is
denoted by E(t)=C(t)+RH(t), and the time path of financial assets
by A(t). The consumer initially has wealth Ag which is, however,
insufficient for a housing investment. He saves by choosing a
sufficiently Tow expenditure path, which decreases over time, as in
Figure 4.2, if the real interest rate is lower than the rate of time
preference, 0<r<p. He accumulates financial savings until at t=T he
can afford to buy a housing unit that exceeds the subsistence
Tevel, H(T)>H*. Thereafter he stays as an owner-occupier and
behaves according to the model described in section 4.3.
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Figure 4.2: Expenditure and asset paths during the
housing investment process
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The credit market imperfection was modelled above simply by means
of a constant borrowing constraint A(t)>A. A more conventional but
also somewhat more complicated way to model the housing loan market
would be to assume that there 1s a down-payment constraint which is
proportional to the housing investment, say A(T)=dQH(T), where
0<d<l. The rest of the investment would be financed by a housing
loan, equal to (1-d)QH(T), which would induce a continuous annuity
over the loan period. The main implication from assuming such a
less restrictive down-payment constraint seems to be that the
housing investment can be made sooner, since it requires a smaller
amount of wealth.

4.5 Implications for the household portfolio distribution

The demand function of owner-occupied housing stock in the case of
an expected borrowing constraint was derived in (4.15). This
equation can be rewritten in the form

(4.24a) QH = QH* + h(W-K)

where
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_ Y-CrRix

-rT
= l-e )

(4.24b) K = (A+QH*)e™" T

and

(4.24¢) h = (xigzél (1-e7¢7) + e-er)-l

Since h>0, the demand function {4.24a) is well-defined only if the
consumer's wealth is sufficiently large, WK, so that H>H*.
Otherwise he must live as a tenant even if the rental cost exceeds
the user cost of housing.

Equation (4.24b) shows that the critical level of wealth, K, is an
increasing function of both the borrowing constraint, A, and the
subsistence housing stock, H*. In the following it is assumed that
K>0, which means that even for a consumer endowed with positive
wealth there are two tenancy regimes between which he makes a
choice, depending on whether W<K or W>K.

The portfolio shares of owner-occupied housing stock, QH/W, and net
financial assets, A/W, are

QH*-hK
W

(a.250) QH-n+

A _ 4y _ QH*-hK
(4.250) o= 1-h .

Geometrically the portfolio shares are described by rectangular
hyperbolas. If QH*>hK, the portfolio sharé of the housing stock is
a decreasing function of wealth and the portfolio share of net
financial assets is an increasing function of wealth in a similar
fashion to the way in which they were depicted above in Figure 3.1.,
which described the portfolio distribution in perfect capital
markets. In the present model equations (4.25a-b) are defined only
for W>K as depicted in Figure 4.3. Below the critical level of
wealth the consumer cannot own any housing property, QH/W=0. He
may, however, live as a tenant and the portfolio share of his net
financial assets is unity, A/W=1.
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Figure 4.3: Portfolio distribution as a function of
consumer's wealth
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The critical wealth Tevel, of course, varies among consumers
because they differ with respect to the subsistence level of
housing, other preferences, earnings, and borrowing constraints.
Thus, if there is some dispersion in K, the aggregate portfolio
shares may look something Tike those depicted in Figure 4.4.

Figure 4.4: Aggregate portfolio distribution
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The average portfolio proportion of owner-occupied housing stock,
QH/W, is rising at Tower levels of net wealth because an increasing
number of households exceed the critical wealth level where they
become home-owners. Home-ownership becomes dominant at higher
wealth levels but at the same time owner-occupied housing stock
decreases in proportion to net wealth as implied by equation
(4.25a). The stock of rental houses, Hr, is allocated mainly among
the wealthier households if they suffer less from the borrowing
constraints. The portfolio distribution outlined in Figure 4.4 is,
of course, only tentative.

Summarizing the results of this chapter, we may conclude that
credit and rental market imperfections, in connection with the
conventional Stone-Geary utility function, may give rise to
systematic differences in tenure choice and portfolio structure
between households at different wealth levels. In these
circumstances home-ownership tends to concentrate among wealthy
households. The generally applied progressive tax system reinforces
this tendency, but it may remain valid even if the tax system is
neutral.

The model described a situation in which the representative
consumer is basically a dissaver who wants to borrow up to the
1imit of his material wealth and present value of his future
earnings but cannot do so because of the borrowing constraint.
Nevertheless, despite his general willingness to borrow, if
owner-occupancy is cheaper than tenancy but the housing investment
cannot be financed immediately, saving for a later house-purchase
may turn out to be profitable. In this sense the model gives a
partial explanation for the empirical observation that households'
financial saving seems to continue relatively uninterruptedly even
in periods of a very low, or occasionally even negative, real rate
of interest.



5 HOUSING MARKET ADJUSTMENT UMDER PERFECT FORESIGHT CONDITIONS
5.1 Introduction

Thus far we have studied mainly the demand side of the housing
market from the point of view of an individual consumer. The supply
of new housing units will now be introduced into the analysis. This
chapter studies the price and quantity reactions in the housing
market induced by exogenous demand or supply shocks. Consumers are
assumed to have perfect foresight in the sense that the actual
change in house prices is equal to what was anticipated.

Examples of models considering perfect foresight type of rational
expectations can be found in many fields of economics.
Macroeconomic examples include some of the monetary models of
inflation and the theories of exchange rate determination in the
case of rational expectations.

The assumption of perfect foresight has also been applied to
microeconomic partial equilibrium models, for example to explain
corporate investment behaviour (c.f. Begg (1982)). Sheffrin (1983)
and Poterba (1984) present rational expectations models of the
housing market. In these models the changes in house prices are
determined from the relationship between the rental demand price
and the user cost of housing stock. The changes in the housing
stock are composed of new production and depreciation of the
existing stock. The demand and supply functions are, however, not
explicitly derived from any microeconomic models.

The following analysis of housing market behaviour is more specific,
because it derives the supply behaviour on the basis of profit
maximization by the residential constructors. The demand for
housing is based on households' utility maximization. This is
important, because for a certain class of preferences the expected
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capital gain may have a negative effect on the demand for the
housing stock (see Appendix lc). In that case the conventional
asset market approach gets into difficulties. The model no Tonger
determines a unique adjustment path for the housing market.

5.2 Consumer behaviour and price determination on the demand
side of the housing market

The demand side of the housing market is assumed to consist of
utility maximizing consumers. The framework specified in Chapter 4
is used to illustrate the role of credit controls in stabilizing
the housing market. However, an important modification will be made
in that model because we shall now consider the aggregate behaviour
of the household sector. The aggregate supply of housing stock is
assumed to be a predetermined constant, at least momentarily. This
assumption seems to be justified due to the fact that changes in
the stock supply of houses take time because both residential
construction and the depreciation of the existing stock are
time-consuming processes. On the other hand, the market price of
the housing stock is determined endogenously in the following
model.

Consumers are assumed to have similar preferences so that they
react similarly to changes in the exogenous variables. The
representative consumer's problem is defined so as to

(5.1a)  Max  fe"Ptu(c,H)dt
CH

(5.1b)  W(t) = rW(t)-R(L)H(t)-Clt)+Y

(5.1c) W(t)

ACE)+Q(E)H() >A+Q( (L)

(5.1d) W(0)

Yo
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The relative user cost of housing stock is allowed to change over time
according to the formula R(t)=(r—q+a)Q(0)eqt where the percentage
change in relative house prices is q=Q/Q. The real rate of interest

is denoted by r=i-p and the rate of depreciation is § as before.

The Hamiltonian may be defined as
(5.2)  F = e PYU(C,H)+ (rH-RH-C+Y ) (H-QH-A)
The necessary conditions are

(5.3a)

-n
n

e—thc—A =0

{5.3b) F

e'thH—Rx-Qn =0

(5.3¢) Fy = rin = -}
(5.3d) n30, n(W-QH-A) = 0

Assume that the borrowing constraint is expected to become binding
at some future date t=r. Then consumption and the demand for housing
are optimized subject to the intertemporal wealth constraint

(5.4) }e—rt(c(t)+R(t)H(t))dt = w0+}e'rtvdt-e'”T(AfQ(T)H(T))
0 0

If consumers' preferences are specified by utility function
U(C,H)=a_10“aHBa, necessary conditions (5.3a-c) and constraint
{5.4) yield the following demand function of housing stock under an
expected borrowing constraint

(5.52)  QH = h(K + H{1-e™"") - &™"p)

where

(5.5b) h={ Iigégi§l(1-e'pT)+e_€T)'l
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where e=(p~-yar+gaq)/6>0, 8=1-va>0, and 0<y=gtp<l. The time point,
t=1, when the borrowing constraint is expected to become binding is
determined endogenously via the condition that total income equals
total expenditure as in the model in section 4.3.

If the aggregate supply of housing stock is predetermined for the
household sector, the relative market price, Q, jumps discretely if
some exogenous variable changes so that consumers must revalue
their housing property. Equation (5.5a) implies that an expected
borrowing constraint, A, has a decreasing effect on individual
consumers' demand for housing. On the other hand, at the aggregate
Tevel with the inelastic stock supply, H, this effect turns to
house prices, Q. Thus monetary policy may stabilize the housing
prices and residential construction via the demand side of the
housing market either by controlling the interest rate or by
influencing the borrowing constraints.

The main issue here is to characterize the price path, Q(t), that
maintains the housing market equilibrium continuously in time. We
use two different ways in modelling the pricing behaviour. The
first approach is analogous to that applied in the stochastic
partial equilibrium model of section 3.6. In this case it is for
simplicity assumed that t=~ which means that the capital market is
perfect. Therefore demand function (5.5a-b) reduces to form

- Blp-yar+gaq) A
(5.6) QH Tatr=ges) W )

We may assume that, given the exogenous variables, consumers plan
to maintain the portfolio balance continuously so that equilibrium
condition (5.6) holds momentarily and also for the future changes
in housing stock and relative house prices. This assumption was
applied in section 3.6. Differentiating (5.6) with respect to time
gives

2 s+ - Blp-vartgaqg) p
(5.7) 04+ of = EeTEAL
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To take a simple example, suppose that the housing stock is
expected to grow at a constant percentage rate, g, so that

(5.8) H= gH

This equation determines H in (5.7). Thus, inserting (5.6) in (5.7)
and in the accumulation equation (5.lb), together with the optimal
consumption function, gives (see Appendix 5a)

(5.9) q = (/q = =089
l-qa

This perfect foresight pricing formula implies that the percentage
change in the relative housing price level is positively related to
the real rate of interest, r. On the other hand, the rate of change
in house prices depends negatively on g, which reflects the fact
that in a rational expectations equilibrium consumers anticipate
the capital loss that results from an upward trend in the housing
stock. This means also that the initial housing price Tevel, Q(0),
jumps downwards as a reaction to an expected increase in the growth
rate of the housing stock, g, which can be seen by substituting q
in equation (5.6) by the pricing formula (5.9) (see Appendix 5a).

The second approach in deriving the price path is to consider only
the momentary equilibrium where the predetermined aggregate stock
supply equals the current aggregate demand but the portfolio
balance is not required to hold continuously in the sense of
equation (5.7). This type of perfect foresight housing market model
has been presented by Sheffrin (1983) and Poterba (1984), who
derive a differential equation for house prices from a relationship
between the rental demand price and the user cost of the housing
stock. However, such pricing behaviour is not derived from any
explicit model of consumer behaviour.

Basically, the following model assumes utility maximizing consumers
who optimize consumption and demand for housing as stated in
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problem (5.1a-d). Thus the aggregate demand function of the housing
stock (5.10) consists of the predetermined and exogenous variables
of equations (5.5a-b)

d

(5.10) H(t) = H(Q(1),Q(t); W, Y, r, A)

(-) () (HHE)

1t is assumed that the housing price level, Q(t), has a decreasing
effect on the demand for housing stock. Moreover, the demand for
housing is assumed to be an increasing function of the aggregate
wealth, W, and income, Y, of the household sector, but a decreasing
function of the tightness in the financial market as indicated by
the real interest rate, r, and the borrowing constraint, A. Thus it
is assumed that some consumers may be in a position where they have
to take into account liquidity constraints when planning future
consumption and demand for housing. The important thing is that the
expected rate of appreciation of housing prices, Q(t), may have
either a positive or a negative effect on the demand for housing
stock. This may be the case even if the capital market is perfect
(see Appendix 1c).

Thus assuming that the aggregate stock supply is momentarily fixed
and that the housing market clears, equation (5.10) implicitly
defines two alternative differential equations for house prices
(see Appendix 5b).

QUQ(£),H(t)3H, Y, r, A)
(4) (9 (=} =)+ (F)

(5.11a) 0(t)

(5.11b)  O(t)

QUQUE),H(E) W, Y, v, A)
(=) (=) (=)=

The first equation describes the determination of price
expectations in the case that the capital gain effect is positive
and the second equation where the effect is negative. It shouid be
noted that although perfect foresight has been assumed above, it is
not essential for the implications of the model. This can be seen
by substituting a multiplicative price expectation function 6e=E6
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for § in (5.10) and assuming imperfect foresight, 0<E<1, which does
not change the qualitative properties of equations (5.1la-b).

5.3 Flow supply in the housing market

We shall next characterize the properties of the production side of
the housing market. Changes in the stock supply of houses consist
of new production, I(t), and depreciation of the existing stock,
sH(t), so that

(5.12) A(t) = I(t) - sH(t)

The flow supply of new houses, I(t), may be modelled on the basis
of profit maximizing behaviour of the constructor firms. Since we
are considering only the partial equilibrium in the housing market,
we may assume that the capital stock used in residential
construction, say K, is an exogenous constant. Moreover, the firms
may be assumed to take the wage rate as an exogenous constant
determined in the labour market. In the following the real wage, w,
is defined in terms of consumer prices, P, so that the nominal wage
rate is wP.

Housing production is optimized by adjusting the demand for labour.
Profit maximizing firms optimize the demand for labour in order to
equate marginal productivity and real wage cost in terms of housing
prices Ph(t)=PQ(t), where Q(t) denotes the relative market price of
houses. For example, in the case of the Cobb-Douglas production
function I=K“N1'“, 0<u<1l, the optimal production is
I=((1-u)Q/w)(1-“)/”K (see Appendix 5¢). Hence the new housing
production is an increasing function of the relative market price
of houses, Q(t), and the disposable capital stock, K, but a
decreasing function of the real wage rate, w.

(5.13) I(t) = 1(Q(t); K, w)
(+)  (+)(-)
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5.4 The dynamics of price and quantity adjustment in
the housing market

The housing market is in a steady state when simultaneously

H=0 and 6=0. In the following the stationary housing stock is
denoted by W and the stationary relative price level by Q. Either
one of the price equations (5.1la-b) and the flow supply equation
(5.12) form a pair of approximately linear differential equations
in the neighbourhood of the steady state

(5.142) Q@ = Q5(Q-Q) + Qy(H-M)

(5.14b) f

IQ(Q-T)') - §(H-H)

Partial derivatives QQ and QH may be positive or negative according
to (5.11a-b), but IQ>0 according to (5.13). The determinant of the
system is ’

(5.15) D= —GQQ-IQQH

The characteristic roots of the pair of differential equations
(5.14a-b) are
)2

+41 )1/2)/2

(5. 16&) a -( 8'60"'( ( 5"'60 QéH

1112y 15

n

(5.166) b = -(8-0g-((+00) 44100,
Basically the steady state may be either a saddle point or a stable
equilibrium. It is a saddle point, in which case a<0 and b>0, if
the expected capital gain has an increasing effect on the demand
for housing stock so that QQ>0 and 6H>0 according to (5.11a). On
the other hand, the steady state equilibrium is stable if QQ<0 and

Q<0 according to (5.11b).

The general solutions of the time paths of house prices and housing
stock are
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(5.17a)  0Q(t) bt

(Q(O)--'Q'-Vl)eat + Ve )

(5.17b)  H(t) bt . ¢

= at
(HO-H—VZ)e + Vye

where V1 and V2 are constants and HO is the initial supply of
housing stock. In the stable case the model does not determine a
unique adjustment path for the housing market. Whatever the
constants Q(O),Vl, and V2 may be the market approaches a steady
state. In the saddle path case, where a<0 and b>0, the only
possibility for the housing market to approach a steady state is to
select the conditionally stable paths which are determined by
setting the coefficients of the unstable factor, ebt, in (5.17a-b)
to zero, V1=V2=0. These conditionally stable paths correspond to
the following "partial adjustment" rules where the coefficient of
adjustment is the negative characteristic root, a<0

(5.18a)  Q(t) = a(Q(t)-0)

(5.18b)  H(t) = a(H(t)-F)

The coefficient of adjustment depends on the properties of both the
flow supply function and the stock demand function of houses, as
can be seen from equation (5.16a). Market adjustment along the
conditionally stable saddle path gives a rationale for partial
adjustment behaviour. This is an alternative explanation for the
conventional microeconomic hypothesis which assumes that changes
for example in the stock of a durable good induce increasing
marginal costs which motivate the gradual adjustment behaviour
(c.f. Deaton and Muellbauer (1980)).

Figures 5.1 and 5.2 illustrate the adjustment processes of the
housing market when the steady state is a saddle point. In both
figures the left hand side describes the new housing production, I,
as an increasing function of the relative housing price level, Q.
The right hand side describes the price and quantity adjustment of
the housing stock. The steady state of the housing market is at the
point where curves fi=0 and (=0 intersect. The H=0 locus is the set
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of pairs of relative house prices and housing stocks along which
the housing stock remains constant. It is upward sloping because
dQ/dH=6/IQ>0 when =0 in (5.12). The (=0 Tocus is the set of pairs
of prices and housing stocks for which the relative house prices
remain constant so that there are no anticipated capital gains or
Tosses. This locus is downward sloping because dQ/dH=-QH/QQ<0 when
Q=0 in (5.11a).

Figure 5.1 dillustrates the market adjustment after an exogenous
increase in the demand for housing. The housing market is assumed
to be initially in a steady state where housing stock is HO, house
prices are QO’ and new housing pro?uction is IO' An increase in

the demand for housing shifts the Q=0 locus upwards so that the
steady state shifts to points H, §, and T. Because the stock supply
is momentarily completely inelastic, the market price must jump to
Q(0) for the housing market to attain the unique stable arm that
Teads towards the new steady state, H,Q. The increase in the
housing stock is achieved via a jump in production initially from
Iy to 1(0). After the initial jump the price level and production
gradually decrease towards the steady state levels. Thus the market
adjustment is characterized by the overshooting of initial house
prices and housing production as compared with the final
equilibrium Tevels, so that Q{0)>Q and 1(0)>T.

Figure 5.2 describes a situation where an exogenous increase in new
housing production takes place. This shifts both the H=0 locus and
Tine I downwards and the steady state moves from points HO,QO,I0 to
points H,Q,I. Because the housing stock remains initially at Ho>
house prices must jump downwards to Q(0) to attain the stable arm
which ensures convergence to the long run equilibrium. Again the
housing stock is increased via an overshooting in new production as
compared to the final steady state level.
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Figure 5.1: An increase in the demand fdr housing

Figure 5.2: An increase in new housing production

The size of the initial overshooting of the price level on the

saddle path, at t=0, can be computed by means of the linearized
model (5.14a) and equation (5.18a) by eliminating 0(0) which gives

(5.19)  Q0)-T = (Qy/(a-Qy)) (Hy-F)
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Since the coefficient on the right-hand side of the equation is
negative, the initial price level overshoots the steady state
level, Q(0)>Q, if a change in some exogenous variable induces an
increase in the steady state housing stock, so that FBHO. New
housing production overshoots also because it is positively related
to the market price level. On the other hand, house prices and
residential construction undershoot if FZHO.

5.5 Changes in the steady state housing stock and house prices

This section describes the effects of changes in exogenous
variables on the steady state housing stock and market price Tevel
when the steady state equilibrium is a saddle point. The changes in
exogenous variables, which are analyzed here, should be interpreted
as unexpected shocks. On the other hand, anticipated changes in
exogenous variables have already affected demand or supply
decisions so that the current level of house prices and residential
construction already reflects market participants' expectations. In
other words, anticipated changes in exogenous variables do not
induce any new reactions apart from those that took place when the
new information unexpectedly became available for the first time.

Denote the vector of the exogenous arguments in the demand function
(5.10), W, Y, r, and A, by X, and the exogenous variables of the
derived production function (5.13), K and w, by Z. Then the
relationships between the steady state house prices, the housing
stdck, and the exogenous variables may be defined by the following
pair of implicit functions

(5.20a)  O(Q(X,2),F(X,2):X) =

I
o

|
[}

(5.20b)  H(Q(X,Z),H(X,2);Z) =

The Tong run effects of a change in the demand for housing are
given by rules
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(5.21a) 50/ 3% aéx/n

(5.21b) of/oX = IQQX/D

Thus a demand shock shifts both the steady state price level and
the housing stock in the same direction because both >0 and IQ>O.
Moreover, positive demand effects are reflected in the
instantaneous overshooting of house prices. This situation was
described in Figure 5.1 and the corresponding time paths of housing
stock, house prices, and new housing production are depicted in
Figure 5.3. House prices and housing investment first jump upwards
and then gradually fall to the final equilibrium Tevels, Q and
T=sH. On the other hand, housing stock grows smoothly from the
initial level to the new steady state level, H.

The long run effects of a change in new housing production are

(5.22a) 30/5Z = QHIZ/D

(5.22b)  oH/sZ -QQIZ/D

Accordingly, an exogenous supply impulse has opposite effects on
steady state house prices and housing stock because QH>0 and QQ>O.
Figure 5.4 jllustrates a case where new housing production grows
exogenously, for example due to a decrease in employers' social
security contributions which reduces labour costs. This leads first
to an instantaneous downward Jjump in house prices. Prices then
continue falling smoothly on the saddle path to the new equilibrium
level while the housing stock gradually increases.
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Figure 5.3: Reactions to an increase in the demand for housing
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Figure 5.4: Reactions to an increase in new housing production

Qo
Qft)

‘ —— 8

I I(t) 7
C e
Ho

1

0 t

The instantaneous price effects, QX, are defined in equation
(5.11a) and the supply effects, IZ’ in equation (5.13). The
determinant, D, is negative according to (5.15) since we assume
that the steady state is a saddle point. Thus we may compute the
effects of changes in exogenous variables on the steady state house
prices, § , and housing stock, H. These results are presented in
Table 5.1. The steady state level of new housing production is
determined by the steady state housing stock, so that T=gH.
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Table 5.1: Effects of changes in exogenous variables
on steady state house prices, housing stock,
and housing investments

W Y r A K w
q + + - - - +
" + + - - + -
T + + - - + -

The model implies that an increase in wealth, W, and permanent
income, Y, has an expansionary effect on the housing market in the
long run, whereas real interest rate, r, and borrowing constraint,
A, have contractive effects. On the supply side, an increase in the
capital stock, K, and a decrease in wage rate, w, have positive
effects on the steady state housing stock and new housing
production but a reducing impact on house prices.

The effects of permanent income and wage rate were computed
separately in Table 5.1. A simuiltaneous increase in permanent
income and wage rate raises the steady state level of house prices
but the effect on housing stock is generally ambiguous.because the
demand for housing increases while the new housing production
decreases.

5.6 Empirical implications

In the case of saddle path stability the model implies that changes
in the housing stock follow partial adjustment rule (5.18b) which
resembles the conventional formula applied in many econometric
studies of the demand for housing. The partial adjustment
hypothesis is usually based on the assumption of increasing
adjustment costs, but here it foilows from the optimal adjustment
of the housing market along the saddle path.
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The previous analysis suggests that aggregate housing investments
may be interpreted either as the flow supply of new housing units
or as an adjustment process of the demand for the housing stock.
Thus two alternative housing investment functions may be defined

(5.23a) I{t) = T{Q(t);Z(t))

-aH(X(t),Z(t)) + (a+s)H(t)

(5.23b)

The first equation is the derived production function (5.13) where
the arguments are house prices, Q(t), and vector Z(t) which
represents the exogenous supply variables. There is some econometric
evidence for the validity of such a supply function in Finland

(c.f. Rantala (1982)). Equation (5.23b) is derived by adding
depreciation of the housing stock to the partial adjustment formula
(5.18b) where the coefficient of adjustment is a<0. The latter
equation implies that housing investments are a function of both the
current housing stock, H(t), and the exogenous variables X(t) and
Z(t), which influence the demand for housing and new housing
production respectively. Moreover, this equation implies that if
expectations are rational, housing investments may in principle be
explained empirically without observations about the current price
Tevel, Q(t), because price information only reflects the
relationship between the expected values of exogenous variables and
the predetermined housing stock.

The model has some interesting empirical impiications. The Tong
term effects of changes in exogenous variables seem intuitively
acceptable. Moreover, the instantaneous jumps in house prices and
new housing production may give an explanation for the volatility
of house prices and residential construction which have been
observed for example in Finland. The model implies that the
volatility may be induced by both demand and supply shocks. On the
other hand, economic policy can stabilize the housing market by
controlling the interest rate or borrowing constraints, or via tax
systems that influence either households' disposable income or
total labour costs in the residential construction business.



The above-described possible non-uniqueness of the adjustment paths,
however, raises some doubts about the applicability of the standard
approach in modelling the pricing behaviour in the housing market.
Thus further research in this area is evidently needed.



6 CONCLUDING REMARKS AND A REFERENCE TO FINNISH
HOUSEHOLDS' PORTFOLIO DISTRIBUTIONS

Chapter 2 of this study described the determination of the demand for
housing in the 1ife cycle mode! of consumer behaviour. In Chapter 3
the housing stock was incorporated in the dynamic portfolio model.
The consumer's preferences were specified by the Stone - Geary
utility function, which is familiar from the static demand theory
where it is used to derive the well-known Tinear expenditure system.

The dynamic portfolio theory implies that consumers' wealth is the
proper scale variable in the commodity demand functions, instead of
income or total expenditure as implied by the conventional demand
analysis. Thus, if housing is generally regarded as a necessity as
some of the econometric studies of the linear expenditure system
have shown, the owner-occupied housing stock should display a
decreasing portfolio proportion as households' net wealth increases.
Conversely, the net financial assets should increase in proportion
to net wealth. Such a theoretical portfolio distribution was
depicted in Figure 3.1.

Figure 6.1 indicates that the hypothetical portfolio shares in fact
seem to coincide with the Finnish portfolio distribution, but only
for those households whose wealth exceeds the mean wealth Tevel.l

IKOSONEN and SUONIEMI (1982, Appendix 4, table II) present a table
of various asset stocks and households' net wealth at the beginning
of 1979 in proportion to disposable income for five income brackets.
These estimates have been used to compute the portfolio shares
presented in Figure 6.1. Because the original data have not been
available to the present author, so that only the asset-income
ratios could be utilized here, the portfolio share estimates may be
somewhat biased if households' income and wealth do not correlate
perfectly. A comparison with an earlier cross-section sample
studied by HAMALAINEN (1974, 1981) shows that households' portfolio
distributions have been relatively stable in the sense that the
overall view of the asset proportions at the beginning of 1969 is
fairly similar to the distribution ten years later presented in
Figure 6.1.
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Among these wealthier households the average portfolio proportion
of owner-occupied housing stock seems to be a decreasing function
of wealth as implied by the necessity of housing. On the other
hand, the Finnish cross-section sample described in Figure 6.1
indicates that among the households with wealth below the mean
level the portfolio proportion of owner-occupied housing stock is
an increasing function of wealth and, correspondingly, the housing
loans also increase in relation to net wealth.2 The rental housing
stock is included in other assets in Figure 6.1. The increasing
portfolio share of this item may indicate that the rental housing
stock is mainly owned by the wealthier households.

Systematic differences in tenure choice between households at
different income levels may result from progressive income taxation
as was described in section 2.5. However, there may also be other
reasons for differences in the tenure mode. In Chapter 4 of this
study we emphasized the role of credit market imperfections in the
allocation process, where the housing stock tends to concentrate
among wealthier households.

If expected permanent income does not fully qualify as a collateral
for borrowing, households in narrow circumstances may not be able

to finance a housing stock which would exceed the subsistence level
implied by a utility function of the Stone-Geary type. Generally,

the effect of borrowing constraints on consumers' housing investments
is the more restrictive the less wealth they have currently at their
disposal compared with their expected future earnings. In these
circumstances both the owner-occupied and the rental housing stock
tend to concentrate among the wealthier households who are less
severely constrained in the credit market.

2The "oans" item in Figure 6.1 includes only housing loans and
other personal Toans. The debts of private enterprises are included
under "other assets, net".
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Figure 6.1: Finnish households' portfolio distributions in 1979,
asset stocks in proportion to net wealth, per cent
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Figure 4.4 illustrated tentatively the aggregate portfolio shares
of housing stock and net financial assets as functions of
households' net wealth in imperfect capital markets. The humped
shape in the portfolio proportion of owner-occupied housing stock
was basically induced by borrowing constraints and the necessity of
housing. The fact that the empirical portfolio distributions
presented in Figure 6.1 and the theoretical distributions depicted
in Figure 4.4 display qualitatively similar properties implies that
credit market imperfections may have had a considerable effect on
Finnish households' portfolio compositions, particularly on housing
investments which typically require a large amount of external
financing and are therefore sensitive to the availability of
housing loans.



APPENDICES
APPENDIX 1la

Using the symbols given in the text the nominal wealth is defined
as follows

(1) W(t) = A(t) + P, (£)H(t)

Deleting time indices, (t), for the sake of brevity, the nominal
budget constraint is defined as follows

. .
~ ~

(2) W=AH+ PhH + PhH = A + (ph—G)PhH -PC+Y

Dividing both sides of (2) by P gives
(3) A/P + Qff + (B /PYH = 1A + (p,~8)QH - C + Y

But ;/P = A+ pA from A = d(K/P)/dt = g/P - pA

and P, /P = § + pQ from § = d(P,/P)/dt = B, /P - pQ

Thus (3) becomes

(4) A+ pA+ Qi+ QH+ pQH = iA + (pp=8)QH - C + Y
This means that

(5) W=A+Ql+0H= (i-p)A + (pp=p-8)QH - C + Y

which corresponds to equation (2.2a) in the text.
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APPENDIX 1b
Equations (2.5a), (2.7a), and (2.8) yield
(1) x = e Pty = et (C-c*) @ (Hox) B

Ve TE(H-H*)~®

where V = @l R %@ 1= pt(1-0a)g and e=1-(atB)a.
Thus
(2) = (=pmaf(Hob®) "1)Ve TE(H-Hx) 78

Inserting (1) and (2) in (2.5c) yields
(3) o= u(H-H*)

which has the definite solution (2.9) where u = (r-p-(1-ca)g)/e.
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APPENDIX 1c

Demand function (2.13) can be rewritten as follows

(1) H(0) = H* + hil/q, :
where
(2) W= wo + (Y-C*)/r - (r-q+6)QoH*/(r-q) > 0
and
. 8lo-yartgaq) _ glp-sar+gas) _ pla
(3) h= Slslrgrs) T Tyelr-grel " ys > °
Thus (3) yields
2
(4) sh/aq = Blozartsas) _ (o, —Be—a)/(r-q+5)
vo(r-g+s) Y
Hence
(5) aH(0)/aq = (/Qy)(ah/2q) - shit*/(r-q)?

is positive if O<a<l and H*=0 but it may be negative for
some a<0 or H*>0,
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APPENDIX 2

Optimality condition (3.8c) can be written in the following matrix
form
2

Jyy = 0

(1) (g-11)Wd), + oWk,

where g = (gl...gn)', 1=(1...10), w= (wl...wn)‘ and @ denotes
the matrix of covariances 5k -

Solving for wh from (1) gives
- -1, .
(2) Ew - '(Jw/wa)Q (gr1l)

Denoting the elements of the inverted variance-covariance matrix
Q'l by ij’ the demand for the jth risky asset can be expressed as
follows

n

(3) Gij = ij = —(Jw/dww) k§1ij(gk-i)

The demand for the composite risky asset is

n n n

(4) GS = = (3 Myy) T8 v (g -i)
W' I 5 VKt O

i
™~
[ep
w

A

'(Jw/dww)(g'i)/dz

The weighted average expected return on the composite risky asset is

n

(5) g= IW.g;
J-=1JJ
and the variance is
n n_ .
(6) 02 = % I W,
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where the weights are determined by (3) and (4) so that
Wj = Gij/GS and W, = GkSk/GS.

For consumption and the demand for housing optimality
conditions (3.8a-b) yield

(7) C = C* + ap LR(H-H*)

and conversely

1

(8) H=H+ o BR'l(C-C*)

Condition (3.8b) yields

1
(9) C = ox + (g {Htx)1-B2Rg )2

Substituting from (8) for H and solving for C gives (3.11).
Then (8) and (3.11) yield (3.12).

When the solution for the Hamilton - Jacobi - Bellman equation
(3.7) is sought it is useful to aggregate the risky assets as a
composite asset. Therefore equation (3.7) is rewritten as if there
were only one risky asset with portfolio share w=GS/W, expected
return g, and variance of return 02

(10) 0 = a7L(C-C*) O (Hotx) PR4d o (PH-RH+(g-1 DWH-CHY)J,,
1 2 2
+ qRJR + 7 o (wiW) wa
The optimal C, H and w=GS/W are given in (3.11), (3.12), and (3.10)

where g is defined in (5) and 62 in (6). Inserting those C, H and w
in (10) and collecting terms yields
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@d Ba  pa ya

1L %5 " 5. "5

- .-l. 8 65 6 8
(11) 0=a"6a” B R Jw + Jt

1 ,g-i,2.2
+ Y‘(W+(Y-C*-RH*)/Y‘)Jw+qRJR- Vi (T) JW/JNW

The derived utility function J(W,R,t) is probably of the same form
as in the deterministic model of Chapter 2. Therefore we apply the
following trial solution

(12) J(W,R,t) = a~lxr~Pajra

where W=W+Z. x is an undetermined constant and Z(t) is an unknown
function of time t.

The needed partial derivatives are

(13a) | Jy = xR~ Bajva-l
(13b) Jy = -voxR™BAYa-2
(13¢) 3o = - B7liva
(13d) J, = pRoBAGYALy

where 0<y=q+g<l and s=1-va>0,

It is useful to solve first Z(t). Therefore we first look at those
two terms of (11) which are relevant for the solution. By inserting
Jy from (13d) and Jw from {13a) and collecting terms we obtain

(14) Jy + r(UE(Y-CH-RH*)/r)dy,

= yer‘Ba(w+Z)Ya'1(W+i/r+(Y-C*-R0eth*)/r)

where the user cost is R(t) = Roeqt.
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The exponent of W=W+Z must be ya, as can be seen below in (17). This
condition gives the following differential equation for Z{t) in (14)

(15) WZ/r+(Y-CH-RoeTx) /r = Wiz
Provided that r>q the stable solution is
(16) Z(t) = Y/r - C*/r - R(t)H*/(r-q)

Given this solution for W=W+Z and the partial derivatives (13a-d)
equation (11) can be written as follows

o pa_ ya
(17) 0= a'lxR'BaﬁYa{ea 6 se Y o x -p

1
8
3 ,g~i 2
+ yar - Baq+-g_9.(T) }
This equation gives the solution for x>0

s 2
(18) X =y Yaeea"‘assa{p-yaﬂeaq --%% Cg;l) }-e
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APPENDIX 3a

The change in real wealth, W(t), is obtained by applying Ito's stochastic
differentiation rule to W(t)=W(t)}/P(t) which gives in this case

(1) dw

dil/P - W(dP/P) # W(dP/P)2 - (di/P)(dP/P)

(di/PY(1-dP/P) - W(dP/P - (dP/P)?)

dW is defined in (3.21b) and dP/P in (3.18). Moreover, according to the
multiplication rule for Wiener processes (e.g. Malliaris and Brock (1982))

(2) (dl/PY(dP/P) = Wlay wdttoy dt)
and ~
(3) (dp/P)? = ot

Thus, by inserting (2), {(3), (3.21b), and (3.18) in (1) and collecting
terms we obtain

(4) = ((i-pto’

+y- + - -8=-1+V - - d
b y pr)w (ph %p §-i+V)wW - RH - C)dt

+ w(chwdzh+cydzy-cpdzp)
which corresponds to equation (3.23).

The percentage change in relative housing prices,
0(t)=P, (t)/P(t), and relative rental rate, R(t)=R(t)/P(t),is

(5) d0/Q = dR/R = (dP, /P, )(1-dP/P)-dP/P+(dP/P)?

By inserting (3.17), (3.18), and (3) in (5) and collecting terms we obtain
- _ 2

(6) dQ/Q = dR/R = (ph—p+cp—chp)d't + ohdzh - opdzp

which corresponds to equation (3.24).
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APPENDIX 3b

When the demand functions are solved it is useful to rewrite the
Hamilton - Jacobi - Bellman equation (3.27) as follows

(1) 0 = ¢(C,H,w;W,R) =

Max [a™1COHPBd _ (g + ((ry)U-RH-C)J, + qRJ
C.H,w W R

+ kg WPy + koR%0pg + kghRdyg + K]

where

(2a) ky = (c§+c§-zcyp)/z

(2b) ky = (cp+ol-2cy )/2

(2¢) kg = ohy-chp-qyp+0§

Moreover

(3) K=Kw- K2w2/2

where

(4a) K = (rh+v)WJw+(ohy-chp)wszw+(oﬁ-ohp)WRJWR
and

(4b) Kp = -of W2y,

The trial solution for the derived utility function of real wealth
and relative rental price of housing is in this case of the
following form

(5) J(W,R) = a~lxp-Bayra
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where x s an undetermined constant which must be positive so that
the derived utility becomes a strictly concave function of wealth.

The needed partial derivatives are

(6a) Iy = YxR"B‘-’llAJYa'1

(6b) Qg = ~voR™ P2
(6¢c) dr = -ygaxR'Ba'lea"l
(6d) Jg = -pR v

(6e) Jg = Bl1+galR™E 22

where y = otp and 9 = 1-vya.

Optimality conditions (3.28a-b) imply that

1

(7) C=ap RH

and, conversely, that

-1

(8) H= o iR le

Condition (3.28b) gives

1
(9) C = (s'lHl‘BaRJw)“a

Substituting from (8) for H and solving for C gives

l1-pa pa _ ga
= B 8
(10) C=o B R J

Substituting from (6a) for Jw gives
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~1ll-pa ga 1
(11) C=yv 0, ® B X oy
Thus from (8)

1 e la 1
(12) H=y ® 4 © 8 b x 8 R-lw

The optimal portfolio share of housing property is determined by
condition a¢/ow=3K/sw=0, Thus from (3)

(13) W= QHOMM = Ky /K,
Hence at the optimum we have K1=K2w so that from (3)
(14) K = Kiw - Kw2/2 = K wP/2
1 2 2
Thus, using (4b) and (6b) gives
(15) K = XX B 2pm ey
Substituting from {11), (12), and (15) for C, H, and K and from

(6a-e) for the partial derivatives in equation (1) and collecting
terms gives

o« g _ya _ 1
(16) 0=a T PUPoa g0y Ox O-er IR A2
where
(17) e = p-ya(r+y)+eaq+yeak1-sa(l+éa)k2+ysa2k3

This gives equation (3.32) after substituting from (2a-c) for
: P

kl’kZ’ and k3 and using definitions r=i p+cp, y=y Oyp? and

q=ph’p+0p'0hp'

Equation (16) gives the solution for the constant x>0
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(18) X = Y_Yaﬁeaaasea(e - —Y-gi GﬁWZ)-S

Given the solution for x, equations (11) and (12) determine the
consumption function (3.29) and the demand for housing services
{3.30). The portfolio share of housing property (3.31) is
determined by equation (13) where K, and K, are determined in
(4a-b) by using (6a-e) and definition rh=ph-ohp-5-i.

APPENDIX 3c

Substituting equilibrium conditions (3.42b-c) for oy and Phy gives

_ _ 2
(1) %y = OhOyPhy (l-W)ch

Substituting this for Shy in (3.35) gives the following equilibrium
rent-price ratio

~ . 2
(2) vV =R/AQ = R/Ph = 1—ph+6+(1-aa)oh+aa6hp
which corresponds to equation (3.43).

Using (3.42b and d) the risk premium term can be written in the
following form

(3) (L-aa)ef + aaoy, = (1-aa)ol/(1-w) + aac oo, /(1)

The risk premium is positive if oyp” = (1-aa)6y/(aa(1-w)op)-
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APPENDIX 4a

Substituting A=W-QH for financial assets and E=yQ(H-H*)+E* for
expenditure in (4.12a) gives

(1) A

rH-rQH=-pQ(H-H* }-C*- sQH*+Y

rH+Y=C*=(r+5)QH*~ ( r+y) Q(H-H*)

The demand for housing stock, H, is determined by equation (4.10).
Inserting this in (1) gives the saving function

(2) A= (r- B(p;ga:lgr+ Dy(w + Y-C:-RH*)

which corresponds to equation (4.12b).
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APPENDIX 4b

Budget constraint and the time paths of housing stock (4.8) and
consumption (4.7) imply that if the borrowing constraint is not
binding

=
1t

(1) W -RH-C+Y

=
W - %R(H(O)-H*)e +Y - C* - RH*

This gives the general solution for the time path of net wealth

T-op
T e O L Y-CX-RHE L ort
(2) Wit) W)R(H(O) H*)e 7 + Ve
But the constant of integration must be zero, V=0, as implied by
equation (4.10). Thus the time path of net financial assets is

(3) A(t) = W(t) - QH(t)

8(r+s) r_;‘p‘t Y-E*
= ('%(m - 1) Q(H(0)-H*)e i

Thus ultimately A(t) approaches -{Y-E*)/r if O<r<p.
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APPENDIX 4c

Equations (4.15) and (4.16) imply the following relationships
between the endogenous and exogenous variables

v
1

(1) H=f (13 , Q, r)
(+)( )(+)(+)( 1(?)

(2) =9 (H; Q, r)

(+)(= )(0)( )(+)(?)
Provided that the determinant is positive
(3) D=1-fg,>0

the effect of the borrowing constraint on the length of the
1iquidity-unconstrained period is negative

(4) 31/3A = (gA+ngH)/D <0

In this case the borrowing constraint has a negative impact on the
demand for housing stock

(5) H/3A = (Fg+f gy)/D < 0

Moreover, the wealth effect is positive

(6) 8H/oW = f,/D > 0

The effects of permaneﬁt income, Y, and relative housing prices, Q, are
(7) aH/aY = (fy+f_gy)/D

(8) aH/8Q = (fQ+ngQ)/D

These effects are generally ambiguous for as implied by (1) and (2) the
numerators in (7) and (8) may be positive or negative, even if D>0.
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APPENDIX 5a
Rewrite demand function (5.6) in form

(1) QH = h(W+Y/r)

where

_ Blp-var+gaq)
(2) h ——{%6%?:R$r§§—
The consumption function is

1

(3) C = ag IRH = ap"H(r-g+s)h(W+Y/r)

Inserting (5.8), (5.1b)}, (1), (2), and (3) in (5.7) gives

(4) QH + Qft = (q+g)QH = (q+g)h{W+Y/r)
= W = h{rW-(r-g+s)QH-C+Y)
= (r-y(r-g+s)h/g)h(W+Y/r)

Thus

(5) q+g=r-y(r-gtslh/s

Solving for q=Q/Q finally gives equation (5.9). Substituting
equilibrium condition (5.9) in demand function (5.6) gives

- 8{p-qar-og)
(6) i = vip-aar+?1-aé)s+eg)(W+Y/r)
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APPENDIX 5b

Equation (5.10) can be rewritten as an implicit function, G, which
implies zero excess demand for the existing housing stock, H, i.e.
the fixed stock supply

6 =HYQ, B W, Y, r, A) - H =0
Thus, for example, 3Q/3Q=-(5G/5Q)/(26/5Q)=-(sHd/5Q)/(aHd/30)>0
if 3H4/50>0 in equation (5.10). On the other hand, 30/3Q<0 if

3Hd/30<0. The signs of the other partial derivatives in equations
(5.11a-b) can be derived analogously.

APPENDIX 5c¢
It is assumed that firms optimize the demand for labour, N, so as
to maximize the profit from housing production, I=I(K,N), subject

to the fixed capital stock, K

(1) Mﬁx [PQI(K,N)-wPN]

If the production function is I=K“N1'“, where 0<y<l, the necessary
optimality condition implies that

(2) M= ((1-wem)
This gives the optimal production

(3) = kM = ((1-pqm) (I /ey
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